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In this manuscript, we prove fixed point results in R,,-metric spaces endowed with an amorphous binary relation. Moreover, we
give an example to highlight the utility of our main results. Finally, we apply our result to examine the existence and uniqueness

of the solution for a Fredholm integral equation.

1. Introduction and Preliminaries

In metric fixed point theory, Banach contraction mapping
principle [1] is one of the most fundamental tools to inves-
tigate the existence and uniqueness of solutions for contrac-
tion maps in a complete metric space. Since the appearance
of this classical result, researchers have taken keen interest
in generalizing and extending this result in different ways,
either by improving contraction conditions or by relaxing
the axioms of metric space. One may recall the existing
notions of, namely, partial metric space [2], partial b-met-
ric space [3], partially ordered S-metric space [4, 5], partial
symmetric space [6], partial JS-metric space [7], metric-
like space [8], b-metric space [9], rectangular metric space
[10], and several others. In 2014, Asadi et al. [11] extended
the concept of partial metric space and introduced the
notion of m-metric spaces to investigate fixed point. This
concept was extended in many different ways, such as m,
-metric space [12], m,-metric space [13, 14], and rectangular
m-metric space [15]. Also in this sequel, Patle et al. [16]

extended the notion of m-metric by proving fixed point
results for Nadler and Kannan type set valued mappings in
m-metric spaces.

Recently, Gordji et al. [17] introduced the notion of
orthogonal sets and gave a new extension for the classical
Banach contraction principle; more details can be found in
[18-20]. Utilizing the structure of orthogonal metric spaces,
which appeared in [18, 19], and the binary relation used with
a metric, in [21], Ali et al. [22] introduced the notion of R
-partial b-metric space and proved fixed point results in this
space. Recently, Javed et al. [23] studied fixed point results in
fuzzy b-metric space using ordered-theoretic relation, which
can also be seen in the work of Alam et al. [24].

Inspired by the metric structure used by Ali et al. [22] and
using the concept of m-metric space, we introduce the notion
of R,,-metric space. We improve and generalize some well-
known results and establish fixed point theorems in the sense
of R, -metric space. We also impart some illustrative
examples and a possible application for Fredholm integral
equations to demonstrate the validity of our results.
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Definition 1 ([2]). Let Z be a nonempty set. A function
p:ZxZ—[0,+00) is called a partial metric (pm), if
the following conditions are satisfied:

(1) w=viff p(w, w) = p(w,v) = p(v,v);

(2) p(w,w) < p(w,v), forallw,veZ;

(3) p(w,v) =p(v,w), for all w,v € Z,

4) p(w,v) < plw, u) + p(p v) = p(p ), for all w,v,
UEZ.

The pair (Z, p) is called a partial metric space (pms).

Notation 2 [11].

(1) m,,,, =min {m(w, w), m(v,v)}

(2) M,,,, =max {m(w, w), m(v,v)}

In [11], a generalization of the pms was introduced as
follows.

Definition 3 ([11]). Let Z be a nonempty set. A function
m: ZxZ — [0,400) is called an m-metric, if the follow-
ing conditions are satisfied:

(1) w=viff m(w, w) =m(w,v) =m(v,v);

(2) m,, <m(w,v), forall w,veZzZ;

w,v —

(3) m(w’ V) = m(V,

(@) (@) - 1) < () -
mw), for all w, v, p € Z.

w), for all w,veZ;

(m(p,v) -

mw)ﬂ) +

The pair (Z, m) is called an m-ms.

Example 4. Let Z =
m-metric.

[0,400). Then m(w, v) = |w — v| on Z is an

Definition 5 ([25]). Let Z be a nonempty set. A subset R of 22
is called a binary relation on Z. Then, for any w, v € Z, we say
that “w is R-related to v,” that is, wRv, or “w relates to v
under R” iff (w,v) € R. (w,v) ¢ R means that “w is not R
-related to v” or “v is not related to w under R.”

Definition 6 ([25]). A binary relation R defined on a non-
empty set Z is called

(a) reflexive if (w, w) € RVw € Z;
(b) irreflexive if (v, v) ¢ R for some ve Z;
(c) symmetric if (w, v) € R implies (v, w) € RVw,v e Z;

(d) antisymmetric if (w,v)€R and (v,
w=Ww,veEZ;

w) €N imply
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(e) transitive if (w,v) € R and (v,
eRVw,v,ueZ;

#) € R imply (w, )
(f) preorder if R is reflexive and transitive.

Definition 7 ([21]). Let (Z,R) be an R-set. A sequence {w;}
is called an R-sequence (RS)if

(VieN, wRw,;,,) or (VieN,w;, Rw,). (1)

Definition 8 ([21]). A map g:Z—Z is R-con-
tinuous(or RC) in w € Z if for each RS{w; },. in Z such that
w; — w then g(w;) — g(w). Also, g is said to be RC on Z,
if g is RC for each w € Z.

Definition 9 ([18]). Let (Z, d) be a ms and R be a binary rela-
tion on Z. Then (Z, d,R) is called an R-ms.

Definition 10 ([18]). Let (Z, R, d) be an R-ms. Then Z is said
to be R-complete, if every Cauchy RS is convergent.

Definition 11 ([18]). Let (Z,R) be an R-set. A map g: Z
—> Z is said to be R-preserving (RP) if goRgv whenever
wRv. Also, g : Z — Z is said to be weakly RP, if gwRgv or
gvRgw whenever wRv.

Definition 12 [21]. A map g : Z— Z is an R-contraction, if
d(gw, gv) <kd(w,v), (2)

for all w, v € Z with wRv, where 0 <k < 1.

2. Main Results

We will start this section with the definition of an R, -ms,
but first, we introduce the following notations, which would
be helpful during the proof.

Notation 13.

(1) oy, =min {og (@, w), o (v, V) };

2) O'mw/)v =max {og (@, w),ox(v,Vv)}.

Definition 14. Let Z # & and R be a reflexive binary relation
(br) on Z, denoted as (Z,R). A map oy : ZxZ — R* is
called an R, -metric on Z, if the following conditions are sat-
isfied, for all w, v, u € Z with either oRv or vRRw, either wRpu
or yRw and either uRv or vR:

(oxw=v iff o (w, w) = o (w, V) =01 (V, V) ;
(0R2)0R0y <OR(0:V);

(053)oy (0, V) = 0ox (v, w);

(oR4)

(091 (w’ ) Gmw,v) < (GW (w’ A"l) - UERw,‘u) + (GR(M’ V) - UR#,V)’

Then, (Z,R, 0g) is called an R,,-ms.
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Remark 15. In the above definition, a set Z is endowed with a
reflexive br R and o : Z x Z — R* satisfies (03 1) — (053 4)
only for those elements which are comparable under the
reflexive br R. Hence, the R, -ms may not be a m-metric,
but the converse is true.

The next example shows that the R,,-ms does not need
to be an m-ms.

Example 16. Let Z=1R and a br R be defined by: wRv iff
w=v or w,v>0. It is easy to prove that oy (w, V) =max
{lwl,|v]} is an R,,-metric on Z, but oy is not an m-metric
on Z; since for w = -2 and v = 2, we have oy (0, w) = oy (w,
v)=og(v,v)=2.

Definition 17. Let (Z,R, 0 ) be an R,,-ms. Let {w,} be an
RS in (Z,R,0y), that is, w,Rw,,,; or w,,Rw, for each
n € N. Then, {w,} is said to be

(i) R-convergent to some w € Z, if

lim (o (W), w) ~ gy ) =0 (3)

i—00

(ii) R-Cauchy if

. . !
. .hm (09{ (wi’ wj) - O-Ww.,w-) > hm (O%w,w - O'ERw.,w-)
L7000 P7i) i j—00 P P
(4)

exist and are finite.

Definition 18. (Z, R, o) is said to be R-complete R,,-ms, if
for every R-Cauchy sequence in Z is convergent.

Definition 19. Let (Z,R,04) be an R,,-ms. We say that
g:Z—Zis RC at heZ if for each RS{w;} in Z with
o (w; w) — 0, we have oy (gw;, gw) — 0. Also, g is
RC on Z if g is RC for each we Z.

The following results help us to ensure the existence of
fixed point (fp) for self-maps. Throughout, we assume that

R is a preorder relation.

Theorem 20. Let (Z,R, o) be an R-complete R,,-ms and
g Z—> Z be RP and RC satisfying the following condition:

og(gw, gv) < zog (w, v), for allw,v € ZwithwRv,  (5)

where z € [0, 1).Then, ghasauniquefpw € Z andog (w, w) = 0.

Proof. Let w, = gwy, 0, = gw,, 3 = gw,, Wy = gus, -+ Wy
= gw,, for all i€ N. Since g is RP, {w;} is RS. Then, by
(5), we get

op (W) wyy) = O (gwi_y> gw;) Sziam(wo,wl), (6)

for all i e N. For any i, j € N and i < j, it follows that

o (W, w;) = oy (gwi_p, gwj_1) < 20 (W1, Wj_y)
< 205 (20 (0 @;5)) (7)

<oy (W w0 ,) < <Zog (W), @ ).

)
W, ;) + O (@), W5) + O (@5, 0);))
)

O (@p, )+ 405 (@11 @;;) )

(8)
As z €0, 1), it follows from the above inequality that
O (W) @;) = Oy, — 02814, j — 00. 9)
Similarly,
! ~ Oy 0, — 0asi, j — 00. (10)

gmwi,wj

Thus, {w;} is a R-Cauchy in Z. Since Z is R-complete,
there exists w € Z such that

o (W) w) —Og,, o, — 0asi— co. (11)
Now, we show that w is a fp of g. Consider

ok (w, gw) <limsupog (w, w;) +limsupog (w;, gw)

= limsupog (w;, gw)
e (12)
= limsupogy (gw;_;, gw)

1—>00

<limsupzog (w;_;, w).

1—>00
By using (0i4), we get

o (@, gw) <limsupz | (o (W, 1> G0) = TRy, | go)
+ (Gm (gw’ w) - Umgw,w)] — Oy (gw’ gw>
<zog(gw, w),
(13)

implies

ox(w, gw)

=0
0<og(gw, gw) < zog (w, w) =0.

(14)



Hence,
O (g0, g0) = 09 (0, gw) = o (@, @) (15)

By (o0i1), we get gw = w as desired.
Now, we show that if w is a fp of g, then oy (w, w) = 0.
Then,

o (@, w) = 0 (g'w, g'w) < zog (0, W) < ok (W, w), (16)

and hence, oy (w, w) = 0.

Finally, we show that fixed point of g is unique. Assume
that there exists v e Z such that gv=v. Hence, we have
gw=w,g'v=v for all i€ N. By the choice of w, in the
first part of the proof, we obtain

[weRw and wyRv]or[wRw, and vRw,]. (17)

Since g is RP, we have

[g'wRg'wand g'wyRg'v], (18)

or

[gwRg'wyand gvRg w), (19)
for all i € N. Thus,
og(w,v) =0y (giw, giv) <zog(w, V) <og(w,v), (20)

which implies that oy (w,v) =0 and so og(w, w) = oy (w,
v)=0x(v,v). Thus, w=v.

Example 21. Let Z=1R, and o : Zx Z — R be given by

|a)—v|2, if w,v>0,

o (w,v) = { (21)

0, otherwise.

Define the binary relation R on Z by wRv if w=v or
w,v>0. Then (Z,R,0g) is R-complete R,,-ms. Define
g:Z—Zby

© 0<w<3,
g(w)=¢3 (22)
0, otherwise.

Then, it is very simple to verify the following:

If w=v, then gw=gv. If w, v >0, then gw,gv > 0. Thus,
gis RP.

Also, one can see that |g(w) — g(v)|* < 1/9|w — v|* for all
w,v € Z with oRv. Hence, the inequality (5) is satisfied with
z=1/9. But g is not a contraction. Otherwise, for two
points 11/4 and 20/4 and for all 0<c<1/3, we have
|g(11/4) — g(20/4)|* < ¢[11/4 — 20/4|* and one can conclude
that it is a contradiction.

Let {w;} be an arbitrary RS in Z such that {w,} converges
to w € Z. Since the inequality (5) is satisfied, for each i € N,
we have
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19(w;) - g(w)[* < 5 |w; - @] (23)

O —

As i goes to infinity, g is RC. But it can be easily seen that
g is not continuous. Therefore, all the conditions of Theorem
20 are satisfied. Hence, we can conclude that g has a unique
fixed point in Z which is 0.

Remark 22. Note that the function oy defined in the above
example is neither a metric, nor an m-metric on RR. Since oy
(4,1)=9,004(4-1)=0,04(-1,1) =0, and oy (-1,-1) =0.

Theorem 23. Let (Z,R, o) be an R-complete R,,-ms and
g : Z —> Z be RP and RC satisfying the following condition:

o (gw, gv) < zlog (w, gw) + ok (v, gv))s (24)

for all w,v e ZwithwRv, where z€[0,1). Then g has a
unique fp w € Z and oy (w, w) = 0.

Proof. Let @, = gw,w, = gw, ;w5 = gw),0, = gws, -+ Wiy = g
w;, for all i e N. Since g is RP, then {w;} is RS. Then by
(24), we get

og (W) w;,1) = Ox (901> gw;)
< zlog (wip, gwiy) +og (@, gwy)]  (25)
=2z[og (W1, @;) + O (W W, 1)]s
for all ieN.og(w;,w,,)<zog(w,_;,w;)+zox(w,w;,,)

which implies o (w;, w;,,) < cox (w;_1, w;), where c=2/1 -
z<1aszel0,1). By repeating this process,

O (W) ;) < O (W, @) ). (26)

Then lim; oy (w;, w;,;) =0. By (24), for any two nat-
ural number j > i, it follows that

o (W, w;) <o (gw;y, gw; 1)
<z[og(w;p gwiy) + ox (@; 1 gwiy)]  (27)

= Z[Uzﬂ(“’i—l’ w;) +ox (‘Uj—p wj)] >

and so lim;__,,,0 (w;, ;) = 0. For every & > 0, we can find a
natural number i, such that oy (w;, w;,;) <&/2 and oy (w;,

w; 1) <&/2, for all 4,j > i,. Therefore, it follows that

ox (@) w)) <z[og (W, w;) + o (0, w;)]

<Z|:E+£:|<E+E=f, (28)

for all i, j > iy, and o (w;, w;) — 0 as i, j — 0o

O (W, ;) = TR, < & for alli, j > dy. (29)
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Now,

ox (W) w;) = 0x(gw;_1> gw;_;)
<z[og(wip> gwi_y) + O (Wi gw;_y)]
=z[og (wip> @) + og (W, w;)]

<2zog (w1, w;) — 0asi— co.

(30)

So o (w;, w;) —> 0 which implies that
o (w;, ;) ~ Oy, — 0asi, j— co. (31)
Similarly,

O’Rw-acv_odmw-wj — 0asi, j — 00. (32)
W i

Thus, {w;} is a R-Cauchy in Z. Since Z is R-complete,
there exists w € Z such that

O (W), W) = O, o, — 0asi— co. (33)

Now, we show that w is a fp of g. Consider,

o (w, gw) <limsupog (w, ;) + limsupog (w;, gw)
i—00 i—00
= limsupog (w;, gw)
< limsup[z(o
i—00

% (Wi_p> gwi_y) + ox (W, gw))]

<limsupzog (w;_,, w;) + limsupzoy (w, gw)
i—00 i—00

< zog (w, gw),

(34)
implies
ox(w, gw)=0
n (@, g) (35)
0<og(gw, gw) < 2zog (w, w) = 0.
Hence,
O (g, gw) = o (W, gw) = o (W, W). (36)

By (0g1), we get gw = w.
Now, we show that if w is a fp of g, then oy (w, w) =0.
Consider,

o (@, ) = o (90, g w) < z[og (@, gw) + o (@, gw)]
=2z0g(w, gw) = 2zog (w, ),

(37)

that is, o (w0, w) = 0.

Finally, we show that fixed point of g is a unique.
Assume that there exists v € Z such that gv=v. Since g
is RP, we have

5
[dw,Rg'wand g'wyRg'v], (38)
or

[dwRg'wyand gvRg w,), (39)

for all i e N. Thus,

ox(w,v) =0y (giw, g v) z[og (w, gw) + og (v, gv)]
=z[og(w, @) +ox (v, )] =0,

(40)
which implies that oy (w,v) =0 and so og(w, w) =0y (w,
v) =0y (v,v). Thus, w=v. O

Theorem 24. Let (Z, R, 0y) be an R-complete R,,-ms and
g : Z — Z be RP and RC satisfying the following condition:

O (90, gV) <2 max {0 (0, V), 0 (@, g0), T (Vs V)

(41)

for all w,v e ZwithwRv, where z€[0,1). Then, g has a
unique fp w € Z and oy (w, w) = 0.

Proof. Let w, = gwyw, = gw,, +w;,, = gw;, for all ieN.
Since g is RP, then {w,} is RS. By (41), we get

=0y (9w, gw;_y)
<z max {og (W) @), O (W, gw;),0% (©;1> gw;_1) }
=z max {Og (W) @;_; ), O (W W11 )0 (W;_1> @;) }

w

=z max {Og (W), ®;_; ), O (W ) }-

Oq (Wis1> @;)

(42)

If max {og (w;, w; ), OR (@), w;,) } = ox (@, @;). Then,
from the above inequality, we obtain that oy (w, ,,w;) <z
og(w;,,w;), a contradiction. Hence, max {og(w;, w, ),
og(w;, w;,,)} =0g(w;, w;,_;). From the above inequality,
we have

O (W11, W;) < 205 (W @;y)- (43)
On repeating this process, we obtain

O (@i, ;) S 20 (@), @), (44)

for all i>0.



o (@, w;) = TR0, (o (wp @) + o (0}, @;.;))

< zi(am(wo, W) +og(w,w,) +0g (wz, wjfi))

< zi(am(wo, ;) + O (W), W)+ +0g (W1 W ;)
<2 (o (W, w,) + 20 (Wg, ) )+ +2 o (@, ;)

<Z(1+z+2+ -+ oy (wp @)
z

i

IN

1 _ZUR(‘UO"%)-

(45)

As z€[0,1), it follows from the above inequality that

o (@ ;) = TR, — 02t j— co. (46)
Similarly,
o (wp, @;) = TR, — 02 j— 00. (47)

Thus, {w;} is a R-Cauchy in Z. Since Z is R-complete,
there exists w € Z such that

O (W, w) = Og, , — 0asi— co. (48)
Now, we show that w is a fp of g. Consider

o (w, gw) < limsupoy (w, w;) + limsupoy (w;, gw)
i—00 i—00
= limsupoy (w;, gw)
i—00
=limsupoy (gw;_,, gw)
< limsup[z max {3 (@, 1, @), O (@ 1, 9; 1), O (. 9)}]

i—00 i—00

<z max {limsupam (w;_;, w), limsup (w;_;, w;), limsupog (w, gw)}

<zog(w, gw).

(49)
So,
og(w, gw)=0
0 <oy (gw, go)
<z max {og(w, ), ok (W, gw), ox (w, gw)} (50)
=0k (w,w)
=0.
Thus,
ox (9w, gu) = oy (0, gw) = ox (@, @). (51)

By (oy1), we get gw=w as desired.
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Now, we show that if w is a fp of g, then oy (w, w) =0.
Then,

og(w,w) =0y (gia), giw)
<z max {og(w, w), ox (W, gw), ok (w, gw) }
<og(w,w),
(52)

and hence, oy (w, w) = 0.

Finally, we show that fixed point of g is a unique. Assume
that there exists v e Z such that gv=v. Hence, we have
gw=w,g'v=v for all i€ N. By the choice of w, in the
first part of the proof, we obtain

[woRw and wyRv] or [wRw, and vRw,). (53)
Since g is RP, we have
[g'w,Rg'wand g'w,Rg'V], (54)
or
[dwRg'wyand gvRg'w,), (55)
for all i e N. Thus,

ox(w,v)=0g (giw, giv)
<zmax {og(w, V), ok (w, gw), o (v, gv)}
=z max {og (w, V), ox (0, w),ox(v,v)}  (56)
=zog(w, V)
<og(w,v),

which is a contradiction. Hence, oy(w,v)=0 and so
og(w, w) =ogx(w,v)=0gx(v,v). Thus, w=wv. O

3. Application

Within this section, we are attempting to apply Theorem 20
to investigate the presence and uniqueness of solution for a
Fredholm integral equation. The space of all continuous real
valued functions defined on I=10,1] is considered to be
Z=C(I,R) with the R, -metric given by

w(r) +v(r)

e I

o (@(r), v(r)) = sup

for all w,v € Z. It can also be equipped with a relation given by
wy € ZwRvew<v. Then, (Z,R,04) is R-complete
R,,-ms.

Consider the following Fredholm integral equation:

w(r) =J1 J(r,s,w(r))ds, r1,s€l, (58)

0

where J € C(IxI xR, R).
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Theorem 25. If there exists z € 0, 1), such that

[J(r,s,w(r)) + J(r,s,v(r))| < zw(r) +v(r)|, r,s€l, (59)

for all w,v € Z. Then the integral equation (58) has a unique
solution.

Proof. Define g : Z — Zby

1

gw(r) = J J(r, s, w(r))ds,

0

r,sel (60)

Observe that the presence of fixed point of an operator g
is identical to that of solution of the integral equation (58).
Now, for all w,v € Z with wRv,

ox(gw, gv) = sup M

rel 2
1
~ sup J J(r,s,w(r)) + J(r,5,v(r)) ds’
rel 0 2
1
< SupJ J(r,s, w(r)) + J(r,s,v(r)) ‘ds
rel Jo 2 (61)
1
<z SupJ M ds
rel Jo 2
1
<z sup <w(r) i v(r))J ds
rel 2 0
<zog(w,v).

Thus, all the conditions of Theorem 20 are fulfilled.
Therefore, the operator g has a unique fp, meaning that the
integral equation (58) has a unique solution. d
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