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In this manuscript, we prove fixed point results in Rm-metric spaces endowed with an amorphous binary relation. Moreover, we
give an example to highlight the utility of our main results. Finally, we apply our result to examine the existence and uniqueness
of the solution for a Fredholm integral equation.

1. Introduction and Preliminaries

In metric fixed point theory, Banach contraction mapping
principle [1] is one of the most fundamental tools to inves-
tigate the existence and uniqueness of solutions for contrac-
tion maps in a complete metric space. Since the appearance
of this classical result, researchers have taken keen interest
in generalizing and extending this result in different ways,
either by improving contraction conditions or by relaxing
the axioms of metric space. One may recall the existing
notions of, namely, partial metric space [2], partial b-met-
ric space [3], partially ordered S-metric space [4, 5], partial
symmetric space [6], partial JS-metric space [7], metric-
like space [8], b-metric space [9], rectangular metric space
[10], and several others. In 2014, Asadi et al. [11] extended
the concept of partial metric space and introduced the
notion of m-metric spaces to investigate fixed point. This
concept was extended in many different ways, such as mb
-metric space [12], mv-metric space [13, 14], and rectangular
m-metric space [15]. Also in this sequel, Patle et al. [16]

extended the notion of m-metric by proving fixed point
results for Nadler and Kannan type set valued mappings in
m-metric spaces.

Recently, Gordji et al. [17] introduced the notion of
orthogonal sets and gave a new extension for the classical
Banach contraction principle; more details can be found in
[18–20]. Utilizing the structure of orthogonal metric spaces,
which appeared in [18, 19], and the binary relation used with
a metric, in [21], Ali et al. [22] introduced the notion of R
-partial b-metric space and proved fixed point results in this
space. Recently, Javed et al. [23] studied fixed point results in
fuzzy b-metric space using ordered-theoretic relation, which
can also be seen in the work of Alam et al. [24].

Inspired by the metric structure used by Ali et al. [22] and
using the concept ofm-metric space, we introduce the notion
of Rm-metric space. We improve and generalize some well-
known results and establish fixed point theorems in the sense
of Rm-metric space. We also impart some illustrative
examples and a possible application for Fredholm integral
equations to demonstrate the validity of our results.
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Definition 1 ([2]). Let Z be a nonempty set. A function
ρ : Z × Z⟶ ½0,+∞Þ is called a partial metric ðpmÞ, if
the following conditions are satisfied:

(1) ω = ν iff ρðω, ωÞ = ρðω, νÞ = ρðν, νÞ ;
(2) ρðω, ωÞ ≤ ρðω, νÞ, for all ω, ν ∈ Z ;
(3) ρðω, νÞ = ρðν, ωÞ, for all ω, ν ∈ Z,
(4) ρðω, νÞ ≤ ρðω, μÞ + ρðμ, νÞ − ρðμ, μÞ, for all ω, ν,

μ ∈ Z:

The pair ðZ, ρÞ is called a partial metric space (pms).

Notation 2 [11].

(1) mω,ν =min fmðω, ωÞ,mðν, νÞg
(2) Mω,ν =max fmðω, ωÞ,mðν, νÞg

In [11], a generalization of the pms was introduced as
follows.

Definition 3 ([11]). Let Z be a nonempty set. A function
m : Z × Z⟶ ½0,+∞Þ is called an m-metric, if the follow-
ing conditions are satisfied:

(1) ω = ν iff mðω, ωÞ =mðω, νÞ =mðν, νÞ ;
(2) mω,ν ≤mðω, νÞ, for all ω, ν ∈ Z ;
(3) mðω, νÞ =mðν, ωÞ, for all ω, ν ∈ Z ;
(4) ðmðω, νÞ −mω,νÞ ≤ ðmðω, μÞ −mω,μÞ + ðmðμ, νÞ −

mμ,νÞ, for all ω, ν, μ ∈ Z:

The pair ðZ,mÞ is called an m-ms.

Example 4. Let Z = ½0,+∞Þ: Thenmðω, νÞ = jω − νj on Z is an
m-metric.

Definition 5 ([25]). Let Z be a nonempty set. A subsetR of Z2

is called a binary relation on Z. Then, for any ω, ν ∈ Z, we say
that “ω is R-related to ν,” that is, ωRν, or “ω relates to ν
under R” iff ðω, νÞ ∈R. ðω, νÞ ∉R means that “ω is not R
-related to ν” or “ν is not related to ω under R.”

Definition 6 ([25]). A binary relation R defined on a non-
empty set Z is called

(a) reflexive if ðω, ωÞ ∈R∀ω ∈ Z ;
(b) irreflexive if ðν, νÞ ∉R for some ν ∈ Z ;
(c) symmetric if ðω, νÞ ∈R implies ðν, ωÞ ∈R∀ω, ν ∈ Z ;
(d) antisymmetric if ðω, νÞ ∈R and ðν, ωÞ ∈R imply

ω = ν∀ω, ν ∈ Z ;

(e) transitive if ðω, νÞ ∈R and ðν, μÞ ∈R imply ðω, μÞ
∈R∀ω, ν, μ ∈ Z ;

(f) preorder if R is reflexive and transitive.

Definition 7 ([21]). Let ðZ,RÞ be an R-set. A sequence fωig
is called an R-sequence ðRSÞif

∀i ∈ℕ, ωiRωi+1ð Þ or ∀i ∈ℕ, ωi+1Rωið Þ: ð1Þ

Definition 8 ([21]). A map g : Z⟶ Z is R-con-
tinuousðorRCÞ in ω ∈ Z if for eachRSfωigi∈ℕ in Z such that
ωi ⟶ ω then gðωiÞ⟶ gðωÞ: Also, g is said to beRC on Z,
if g is RC for each ω ∈ Z.

Definition 9 ([18]). Let ðZ, dÞ be a ms andR be a binary rela-
tion on Z. Then ðZ, d,RÞ is called an R-ms.

Definition 10 ([18]). Let ðZ,R, dÞ be anR-ms. Then Z is said
to be R-complete, if every Cauchy RS is convergent.

Definition 11 ([18]). Let ðZ,RÞ be an R-set. A map g : Z
⟶ Z is said to be R-preserving ðRPÞ if gωRgν whenever
ωRν:Also, g : Z⟶ Z is said to be weaklyRP, if gωRgν or
gνRgω whenever ωRν:

Definition 12 [21]. A map g : Z⟶ Z is anR-contraction, if

d gω, gvð Þ ≤ kd ω, vð Þ, ð2Þ

for all ω, v ∈ Z with ωRv, where 0 < k < 1.

2. Main Results

We will start this section with the definition of an Rm-ms,
but first, we introduce the following notations, which would
be helpful during the proof.

Notation 13.

(1) σRω,ν =min fσRðω, ωÞ, σRðν, νÞg;
(2) σRω,ν′ =max fσRðω, ωÞ, σRðν, νÞg.

Definition 14. Let Z ≠∅ and R be a reflexive binary relation
(br) on Z, denoted as ðZ,RÞ. A map σR : Z × Z⟶ℝ+ is
called anRm-metric on Z, if the following conditions are sat-
isfied, for all ω, ν, μ ∈ Z with either ωRν or νRω, either ωRμ
or μRω and either μRν or νRμ:

ðσR1Þω = ν iff σRðω, ωÞ = σRðω, νÞ = σRðν, νÞ ;
ðσR2ÞσRω,ν ≤ σRðω, νÞ ;
ðσR3ÞσRðω, νÞ = σRðν, ωÞ ;
ðσR4Þ

ðσRðω, νÞ − σRω,νÞ ≤ ðσRðω, μÞ − σRω,μÞ + ðσRðμ, νÞ − σRμ,νÞ:

Then, ðZ,R, σRÞ is called an Rm-ms.
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Remark 15. In the above definition, a set Z is endowed with a
reflexive brR and σR : Z × Z⟶ℝ+ satisfies ðσR1Þ − ðσR4Þ
only for those elements which are comparable under the
reflexive br R. Hence, the Rm-ms may not be a m-metric,
but the converse is true.

The next example shows that the Rm-ms does not need
to be an m-ms.

Example 16. Let Z =ℝ and a br R be defined by: ωRν iff
ω = ν or ω, ν > 0. It is easy to prove that σRðω, νÞ =max
f∣ω∣,∣ν ∣ g is an Rm-metric on Z, but σR is not an m-metric
on Z; since for ω = −2 and ν = 2, we have σRðω, ωÞ = σRðω,
νÞ = σRðν, νÞ = 2.

Definition 17. Let ðZ,R, σRÞ be an Rm-ms. Let fωng be an
RS in ðZ,R, σRÞ, that is, ωnRωn+1 or ωn+1Rωn for each
n ∈ℕ. Then, fωng is said to be

(i) R-convergent to some ω ∈ Z, if

lim
i⟶∞

σR ωi, ωð Þ − σRωi ,ω
� �

= 0 ð3Þ

(ii) R-Cauchy if

lim
i,j⟶∞

σR ωi, ωj

� �
− σRωi ,ω j

� �
, lim
i,j⟶∞

σRωi ,ω j
′ − σRωi ,ω j

� �
ð4Þ

exist and are finite.

Definition 18. ðZ,R, σRÞ is said to beR-completeRm-ms, if
for every R-Cauchy sequence in Z is convergent.

Definition 19. Let ðZ,R, σRÞ be an Rm-ms. We say that
g : Z⟶ Z is RC at h ∈ Z if for each RSfωig in Z with
σRðωi, ωÞ⟶ 0, we have σRðgωi, gωÞ⟶ 0. Also, g is
RC on Z if g is RC for each ω ∈ Z:

The following results help us to ensure the existence of
fixed point ðfpÞ for self-maps. Throughout, we assume that
R is a preorder relation.

Theorem 20. Let ðZ,R, σRÞ be an R-complete Rm-ms and
g : Z⟶ Z beRP andRC satisfying the following condition:

σR gω, gνð Þ ≤ zσR ω, νð Þ, for allω, ν ∈ Z withωRν, ð5Þ

where z ∈ ½0, 1Þ:Then,ghasaunique fpω ∈ Z andσRðω, ωÞ = 0:

Proof. Let ω1 = gω0, ω2 = gω1, ω3 = gω2, ω4 = gω3,⋯, ωi+1
= gωi, for all i ∈ℕ: Since g is RP, fωig is RS. Then, by
(5), we get

σR ωi, ωi+1ð Þ = σR gωi−1, gωið Þ ≤ ziσR ω0, ω1ð Þ, ð6Þ

for all i ∈ℕ: For any i, j ∈ℕ and i < j, it follows that

σR ωi, ωj

� �
= σR gωi−1, gωj−1

� �
≤ zσR ωi−1, ωj−1

� �
≤ zσR zσR ωi−2, ωj−2

� �� �
≤ z2σR ωi−2, ωj−2

� �
≤⋯≤ ziσR ω1, ωj−i

� �
:

ð7Þ

Hence,

σR ωi, ωj

� �
− σRωi,ω j

≤ zi σR ω0, ω1ð Þ + σR ω1, ωj−i
� �� �

≤ zi σR ω0, ω1ð Þ + σR ω1, ω2ð Þ + σR ω2, ωj−i
� �� �

≤ zi σR ω0, ω1ð Þ + σR ω1, ω2ð Þ+⋯+σR ω j−i−1, ωj−i
� �� �

≤ zi σR ω0, ω1ð Þ + zσR ω0, ω1ð Þ+⋯+zj−1σR ω0, ω1ð Þ� �
≤ zi 1 + z + z2+⋯+zj−1

� �
σR ω0, ω1ð Þ

≤
zi

1 − z
σR ω0, ω1ð Þ:

ð8Þ

As z ∈ ½0, 1Þ, it follows from the above inequality that

σR ωi, ωj

� �
− σRωi ,ω j

⟶ 0 as i, j⟶∞: ð9Þ

Similarly,

σRωi ,ω j
′ − σRωi ,ω j

⟶ 0 as i, j⟶∞: ð10Þ

Thus, fωig is a R-Cauchy in Z. Since Z is R-complete,
there exists ω ∈ Z such that

σR ωi, ωð Þ − σRωi ,ω ⟶ 0 as i⟶∞: ð11Þ

Now, we show that ω is a fp of g. Consider

σR ω, gωð Þ ≤ limsup
i⟶∞

σR ω, ωið Þ + limsup
i⟶∞

σR ωi, gωð Þ

= limsup
i⟶∞

σR ωi, gωð Þ

= limsup
i⟶∞

σR gωi−1, gωð Þ

≤ limsup
i⟶∞

zσR ωi−1, ωð Þ:

ð12Þ

By using ðσR4Þ, we get

σR ω, gωð Þ ≤ limsup
i⟶∞

z σR ωi−1, gωð Þ − σRωi−1,gω
� ��

+ σR gω, ωð Þ − σRgω,ω
� �� − σR gω, gωð Þ

≤ zσR gω, ωð Þ,
ð13Þ

implies

σR ω, gωð Þ = 0
0 ≤ σR gω, gωð Þ ≤ zσR ω, ωð Þ = 0:

ð14Þ
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Hence,

σR gω, gωð Þ = σR ω, gωð Þ = σR ω, ωð Þ: ð15Þ

By ðσR1Þ, we get gω = ω as desired.
Now, we show that if ω is a fp of g, then σRðω, ωÞ = 0:

Then,

σR ω, ωð Þ = σR giω, giω
� �

≤ zσR ω, ωð Þ < σR ω, ωð Þ, ð16Þ

and hence, σRðω, ωÞ = 0:
Finally, we show that fixed point of g is unique. Assume

that there exists ν ∈ Z such that gν = ν: Hence, we have
giω = ω,giν = ν for all i ∈ℕ: By the choice of ω0 in the
first part of the proof, we obtain

ω0Rω andω0Rν½ �or ωRω0 and νRω0½ �: ð17Þ

Since g is RP, we have

giω0Rgiω and giω0Rgiν
� �

, ð18Þ

or

giωRgiω0 and giνRgiω0
� �

, ð19Þ

for all i ∈ℕ: Thus,

σR ω, νð Þ = σR giω, giν
� �

≤ zσR ω, νð Þ < σR ω, νð Þ, ð20Þ

which implies that σRðω, νÞ = 0 and so σRðω, ωÞ = σRðω,
νÞ = σRðν, νÞ: Thus, ω = ν: ☐

Example 21. Let Z =ℝ, and σR : Z × Z⟶ℝ+ be given by

σR ω, νð Þ = ω − νj j2, if ω, ν ≥ 0,
0, otherwise:

(
ð21Þ

Define the binary relation R on Z by ωRν if ω = ν or
ω, ν ≥ 0: Then ðZ,R, σRÞ is R-complete Rm-ms. Define
g : Z⟶ Z by

g ωð Þ =
ω

3 , 0 ≤ ω ≤ 3,

0, otherwise:

8<
: ð22Þ

Then, it is very simple to verify the following:
If ω = ν, then gω = gν: If ω, ν ≥ 0, then gω,gν ≥ 0: Thus,

g is RP.
Also, one can see that jgðωÞ − gðνÞj2 ≤ 1/9jω − νj2 for all

ω,ν ∈ Z with ωRν: Hence, the inequality (5) is satisfied with
z = 1/9. But g is not a contraction. Otherwise, for two
points 11/4 and 20/4 and for all 0 < c < 1/3, we have
jgð11/4Þ − gð20/4Þj2 ≤ cj11/4 − 20/4j2 and one can conclude
that it is a contradiction.

Let fωig be an arbitraryRS in Z such that fωig converges
to ω ∈ Z: Since the inequality (5) is satisfied, for each i ∈ℕ,
we have

g ωið Þ − g ωð Þj j2 ≤ 1
9 ωi − ωj j2: ð23Þ

As i goes to infinity, g isRC. But it can be easily seen that
g is not continuous. Therefore, all the conditions of Theorem
20 are satisfied. Hence, we can conclude that g has a unique
fixed point in Z which is 0:

Remark 22. Note that the function σR defined in the above
example is neither a metric, nor an m-metric on ℝ. Since σR

ð4, 1Þ = 9, σRð4,−1Þ = 0, σRð−1, 1Þ = 0, and σRð−1,−1Þ = 0.

Theorem 23. Let ðZ,R, σRÞ be an R-complete Rm-ms and
g : Z⟶ Z beRP andRC satisfying the following condition:

σR gω, gνð Þ ≤ z σR ω, gωð Þ + σR ν, gνð Þ½ �, ð24Þ

for all ω, ν ∈ Z withωRν, where z ∈ ½0, 1Þ: Then g has a
unique fp ω ∈ Z and σRðω, ωÞ = 0:

Proof. Let ω1 = gω0,ω2 = gω1,ω3 = gω2,ω4 = gω3,⋯, ωi+1 = g
ωi, for all i ∈ℕ: Since g is RP, then fωig is RS. Then by
(24), we get

σR ωi, ωi+1ð Þ = σR gωi−1, gωið Þ
≤ z σR ωi−1, gωi−1ð Þ + σR ωi, gωið Þ½ �
= z σR ωi−1, ωið Þ + σR ωi, ωi+1ð Þ½ �,

ð25Þ

for all i ∈ℕ:σRðωi, ωi+1Þ ≤ zσRðωi−1, ωiÞ + zσRðωi, ωi+1Þ
which implies σRðωi, ωi+1Þ ≤ cσRðωi−1, ωiÞ, where c = z/1 −
z < 1 as z ∈ ½0, 1Þ: By repeating this process,

σR ωi, ωi+1ð Þ ≤ ciσR ω0, ω1ð Þ: ð26Þ

Then limi⟶∞σRðωi, ωi+1Þ = 0: By (24), for any two nat-
ural number j > i, it follows that

σR ωi, ωj

� �
≤ σR gωi−1, gωj−1

� �
≤ z σR ωi−1, gωi−1ð Þ + σR ωj−1, gωj−1

� �� �
= z σR ωi−1, ωið Þ + σR ωj−1, ωj

� �� �
,

ð27Þ

and so limi⟶∞σRðωi, ωjÞ = 0: For every ξ > 0, we can find a
natural number i0 such that σRðωi, ωi+1Þ < ξ/2 and σRðωj,
ωj+1Þ < ξ/2, for all i,j > i0. Therefore, it follows that

σR ωi, ωj

� �
≤ z σR ωi−1, ωið Þ + σR ωj−1, ωj

� �� �
< z

ξ

2 + ξ

2

� 	
< ξ

2 + ξ

2 = ξ,
ð28Þ

for all i, j > i0, and σRðωi, ωjÞ⟶ 0 as i, j⟶∞

σR ωi, ωj

� �
− σRωi ,ω j

< ξ, for all i, j > i0: ð29Þ
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Now,

σR ωi, ωið Þ = σR gωi−1, gωi−1ð Þ
≤ z σR ωi−1, gωi−1ð Þ + σR ωi−1, gωi−1ð Þ½ �
= z σR ωi−1, ωið Þ + σR ωi−1, ωið Þ½ �
≤ 2zσR ωi−1, ωið Þ⟶ 0 as i⟶∞:

ð30Þ

So σRðωi, ωiÞ⟶ 0 which implies that

σR ωi, ωj

� �
− σRωi ,ω j

⟶ 0 as i, j⟶∞: ð31Þ

Similarly,

σRωi ,ω j
′ − σRωi ,ω j

⟶ 0 as i, j⟶∞: ð32Þ

Thus, fωig is a R-Cauchy in Z. Since Z is R-complete,
there exists ω ∈ Z such that

σR ωi, ωð Þ − σRωi ,ω ⟶ 0 as i⟶∞: ð33Þ

Now, we show that ω is a fp of g. Consider,

σR ω, gωð Þ ≤ limsup
i⟶∞

σR ω, ωið Þ + limsup
i⟶∞

σR ωi, gωð Þ

= limsup
n⟶∞

σR ωi, gωð Þ
≤ limsup

i⟶∞
z σR ωi−1, gωi−1ð Þ + σR ω, gωð Þð Þ½ �

≤ limsup
i⟶∞

zσR ωi−1, ωið Þ + limsup
i⟶∞

zσR ω, gωð Þ

≤ zσR ω, gωð Þ,
ð34Þ

implies

σR ω, gωð Þ = 0
0 ≤ σR gω, gωð Þ ≤ 2zσR ω, ωð Þ = 0:

ð35Þ

Hence,

σR gω, gωð Þ = σR ω, gωð Þ = σR ω, ωð Þ: ð36Þ

By ðσR1Þ, we get gω = ω.
Now, we show that if ω is a fp of g, then σRðω, ωÞ = 0:

Consider,

σR ω, ωð Þ = σR giω, giω
� �

≤ z σR ω, gωð Þ + σR ω, gωð Þ½ �
= 2zσR ω, gωð Þ = 2zσR ω, ωð Þ,

ð37Þ

that is, σRðω, ωÞ = 0:
Finally, we show that fixed point of g is a unique.

Assume that there exists ν ∈ Z such that gν = ν: Since g
is RP, we have

giω0Rgiω and giω0Rgiν
� �

, ð38Þ

or

giωRgiω0 and giνRgiω0
� �

, ð39Þ

for all i ∈ℕ: Thus,

σR ω, νð Þ = σR giω, giν
� �

≤ z σR ω, gωð Þ + σR ν, gνð Þ½ �
= z σR ω, ωð Þ + σR ν, νð Þ½ � = 0,

ð40Þ

which implies that σRðω, νÞ = 0 and so σRðω, ωÞ = σRðω,
νÞ = σRðν, νÞ: Thus, ω = ν: ☐

Theorem 24. Let ðZ,R, σRÞ be an R-complete Rm-ms and
g : Z⟶ Z beRP andRC satisfying the following condition:

σR gω, gνð Þ ≤ z max σR ω, νð Þ, σR ω, gωð Þ, σR ν, gνð Þf g,
ð41Þ

for all ω, ν ∈ Z withωRν, where z ∈ ½0, 1Þ: Then, g has a
unique fp ω ∈ Z and σRðω, ωÞ = 0:

Proof. Let ω1 = gω0,ω2 = gω1,⋯,ωi+1 = gωi, for all i ∈ℕ:
Since g is RP, then fωig is RS. By (41), we get

σR ωi+1, ωið Þ = σR gωi, gωi−1ð Þ
≤ z max σR ωi, ωi−1ð Þ, σR ωi, gωið Þ,σR ωi−1, gωi−1ð Þf g
= z max σR ωi, ωi−1ð Þ, σR ωi, ωi+1ð Þ,σR ωi−1, ωið Þf g
= z max σR ωi, ωi−1ð Þ, σR ωi, ωi+1ð Þf g:

ð42Þ

Ifmax fσRðωi, ωi−1Þ, σRðωi, ωi+1Þg = σRðωi+1, ωiÞ. Then,
from the above inequality, we obtain that σRðωi+1, ωiÞ ≤ z
σRðωi+1, ωiÞ, a contradiction. Hence, max fσRðωi, ωi−1Þ,
σRðωi, ωi+1Þg = σRðωi, ωi−1Þ. From the above inequality,
we have

σR ωi+1, ωið Þ ≤ zσR ωi, ωi−1ð Þ: ð43Þ

On repeating this process, we obtain

σR ωi+1, ωið Þ ≤ ziσR ω1, ω0ð Þ, ð44Þ

for all i ≥ 0:
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σR ωi, ωj

� �
− σRωi ,ω j

≤ zi σR ω0, ω1ð Þ + σR ω1, ωj−i
� �� �

≤ zi σR ω0, ω1ð Þ + σR ω1, ω2ð Þ + σR ω2, ωj−i
� �� �

≤ zi σR ω0, ω1ð Þ + σR ω1, ω2ð Þ+⋯+σR ωj−i−1, ωj−i
� �� �

≤ zi σR ω0, ω1ð Þ + zσR ω0, ω1ð Þ+⋯+zj−1σR ω0, ω1ð Þ� �
≤ zi 1 + z + z2+⋯+zj−1

� �
σR ω0, ω1ð Þ

≤
zi

1 − z
σR ω0, ω1ð Þ:

ð45Þ

As z ∈ ½0, 1Þ, it follows from the above inequality that

σR ωi, ωj

� �
− σRωi ,ω j

⟶ 0 as i, j⟶∞: ð46Þ

Similarly,

σR
′ ωi, ωj

� �
− σRωi ,ω j

⟶ 0 as i, j⟶∞: ð47Þ

Thus, fωig is a R-Cauchy in Z. Since Z is R-complete,
there exists ω ∈ Z such that

σR ωi, ωð Þ − σRωi ,ω ⟶ 0 as i⟶∞: ð48Þ

Now, we show that ω is a fp of g. Consider

σR ω, gωð Þ ≤ limsup
i⟶∞

σR ω, ωið Þ + limsup
i⟶∞

σR ωi, gωð Þ

= limsup
i⟶∞

σR ωi, gωð Þ

= limsup
i⟶∞

σR gωi−1, gωð Þ

≤ limsup
i⟶∞

z max σR ωi−1, ωð Þ, σR ωi−1, gωi−1ð Þ, σR ω, gωð Þf g½ �

≤ z max limsup
i⟶∞

σR ωi−1, ωð Þ, limsup
i⟶∞

ωi−1, ωið Þ, limsup
i⟶∞

σR ω, gωð Þ

 �

≤ zσR ω, gωð Þ:
ð49Þ

So,

σR ω, gωð Þ = 0

0 ≤ σR gω, gωð Þ
≤ z max σR ω, ωð Þ, σR ω, gωð Þ, σR ω, gωð Þf g
= σR ω, ωð Þ
= 0:

ð50Þ

Thus,

σR gω, gωð Þ = σR ω, gωð Þ = σR ω, ωð Þ: ð51Þ

By ðσR1Þ, we get gω = ω as desired.

Now, we show that if ω is a fp of g, then σRðω, ωÞ = 0:
Then,

σR ω, ωð Þ = σR giω, giω
� �

≤ z max σR ω, ωð Þ, σR ω, gωð Þ, σR ω, gωð Þf g
< σR ω, ωð Þ,

ð52Þ

and hence, σRðω, ωÞ = 0:
Finally, we show that fixed point of g is a unique. Assume

that there exists ν ∈ Z such that gν = ν: Hence, we have
giω = ω,giν = ν for all i ∈ℕ: By the choice of ω0 in the
first part of the proof, we obtain

ω0Rω andω0Rν½ � or ωRω0 and νRω0½ �: ð53Þ

Since g is RP, we have

giω0Rgiω and giω0Rgiν
� �

, ð54Þ

or

giωRgiω0 and giνRgiω0
� �

, ð55Þ

for all i ∈ℕ: Thus,

σR ω, νð Þ = σR giω, giν
� �

≤ z max σR ω, νð Þ, σR ω, gωð Þ, σR ν, gνð Þf g
= z max σR ω, νð Þ, σR ω, ωð Þ, σR ν, νð Þf g
= zσR ω, νð Þ
< σR ω, νð Þ,

ð56Þ

which is a contradiction. Hence, σRðω, νÞ = 0 and so
σRðω, ωÞ = σRðω, νÞ = σRðν, νÞ: Thus, ω = ν: ☐

3. Application

Within this section, we are attempting to apply Theorem 20
to investigate the presence and uniqueness of solution for a
Fredholm integral equation. The space of all continuous real
valued functions defined on I = ½0, 1� is considered to be
Z = CðI,ℝÞ with the Rm-metric given by

σR ω rð Þ, ν rð Þð Þ = sup
r∈I

ω rð Þ + ν rð Þ
2

����
����, ð57Þ

for all ω,ν ∈ Z. It can also be equipped with a relation given by
ω,ν ∈ Z,ωRν⇔ω ≤ ν: Then, ðZ,R, σRÞ is R-complete
Rm-ms.

Consider the following Fredholm integral equation:

ω rð Þ =
ð1
0
J r, s, ω rð Þð Þds, r, s ∈ I, ð58Þ

where J ∈ CðI × I ×R,RÞ.
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Theorem 25. If there exists z ∈ 0, 1Þ, such that

J r, s, ω rð Þð Þ + J r, s, ν rð Þð Þj j ≤ z ω rð Þ + ν rð Þj j, r, s ∈ I, ð59Þ

for all ω, ν ∈ Z. Then the integral equation (58) has a unique
solution.

Proof. Define g : Z⟶ Zby

gω rð Þ =
ð1
0
J r, s, ω rð Þð Þds, r, s ∈ I: ð60Þ

Observe that the presence of fixed point of an operator g
is identical to that of solution of the integral equation (58).
Now, for all ω,ν ∈ Z with ωRν,

σR gω, gνð Þ = sup
r∈I

gω rð Þ + gν rð Þ
2

����
����

= sup
r∈I

ð1
0

J r, s, ω rð Þð Þ + J r, s, ν rð Þð Þ
2 ds

����
����

≤ sup
r∈I

ð1
0

J r, s, ω rð Þð Þ + J r, s, ν rð Þð Þ
2

����
����ds

≤ z sup
r∈I

ð1
0

ω rð Þ + ν rð Þ
2

����
����ds

≤ z sup
r∈I

ω rð Þ + ν rð Þ
2


 �ð1
0
ds

≤ zσR ω, νð Þ:

ð61Þ

Thus, all the conditions of Theorem 20 are fulfilled.
Therefore, the operator g has a unique fp, meaning that the
integral equation (58) has a unique solution. ☐
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