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Abstract
Industrial x-ray computed tomography (CT) represents an established measurement technique
in the field of nondestructive testing and dimensional metrology. However, the measurement
accuracy is sometimes limited by measurement artifacts that cannot be avoided using a standard
circular scan trajectory. This problem can be addressed with the aid of flexible 3D trajectories,
but up to date, the application of these is mainly restricted to special CT devices using robot
arms. In this paper, we present results using a hexapod as an additional positioning system in a
commercial industrial CT scanner. In addition to the 360◦ rotation, task-specific tilting of the
part during the scan is possible in this way. We used and adapted geometry calibration
procedures based on a multi-sphere reference object to enable reconstruction with high
accuracy. Using a demonstrator test fixture with high absorbing elements, we show that severe
metal and truncation artifacts can be avoided for a region-of-interest scan. Furthermore,
cone-beam artifacts, which are inherent to circular scan trajectories, can be reduced
significantly. Using measurement objects that can be measured well with a circular trajectory,
we found that applying a 3D trajectory leads to dimensional measurement deviations in the
same range or even lower than those of a circular trajectory. This suggests that the pose
repeatability of the hexapod is sufficient to perform complex scan paths without general loss of
accuracy. The obtained results could be relevant for end users of conventional CT scanners, as
upgrading existing devices is in principle possible. The presented investigations form the basis
for the application of trajectory optimization algorithms.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Industrial x-ray computed tomography (CT) devices are
increasingly widespread in use at manufacturing companies as
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well as metrology laboratories. In most cases, cone-beam CT
scanners with flat panel detectors are used [1]. In contrast to
medical CT scanners, the x-ray source and the detector are kept
fixed in space during a scan, while a 360◦ rotation of the meas-
urement object is performed [2, 3]. When choosing a coordin-
ate system with origin on the rotation axis, the rotation of the
part however can be described in the form of a circular traject-
ory of the source (in the following named ‘scan trajectory’).

There are two major drawbacks of a circular scan trajectory
for metrological purposes. First, due to the 360◦ rotation, unfa-
vorable projective views (e.g. with high penetration lengths
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or high absorbing components obscuring the actual region of
interest (ROI)) might not be avoidable for certain scan angles.
Second, the Tuy sufficiency condition [4], which states that
all planes through the measurement object must cut the scan
trajectory, is not satisfied. Both problems can lead to strong
measurement artifacts in the reconstructed volume. This can
further lead to increasedmeasurement deviations or even to the
impossibility of evaluating certain measurands. Cone-beam
artifacts due to the unsatisfied Tuy condition can be avoided
by applying 3D scan trajectories with a regular shape. An
example for such a regular shape is the helical trajectory, for
which analytical reconstruction techniques exist [5]. However,
the first problem of disadvantageous projective views cannot
be avoided.

In contrast, more complex, task-specific, trajectories could
lead to further improvements, but also demand flexible recon-
struction techniques such as iterative methods [6], which in
principle allow arbitrary scan trajectories. While in the med-
ical field task-specific 3D trajectories have already been suc-
cessfully applied using C-arm CT devices [7], there are only
initial approaches to technical implementation for industrial
purposes. Custom-built or prototype devices all use robot arms
to either position the source and the detector or the part. In [8],
an overview of possible arrangements is given.

There exists only little research dealing with experimental
results for such setups. In [9], a robot arm is used to position
the measurement object. Spherical markers are imaged along
with the object to extract the pose for each projection. In [10,
11], both the x-ray source and the detector are positioned by
a robot arm while the part is kept fixed. This arrangement can
make it even impossible to perform a circular scan trajectory.
A similar setup is shown in [12]. Alternatively, both the source
and the detector can be mounted on a single robot as a C-arm
device [13].

The possibility to scan components of large scale assem-
blies such as entire cars is the main benefit of using robot
arms. Current research on robot arm CT systems addresses
the characterization and improvement of the positioning accur-
acy [8, 14]. As a precise knowledge of the geometry descrip-
tion for each single x-ray projection is necessary for a high
quality volume reconstruction with good structural resolution
(according to guideline VDI/VDE 2630 part 1.3 defined as
the smallest structure that can still be measured dimension-
ally [15]), the positioning accuracy of the robot arms can be
seen as a major challenge.

While the technical realization of complex 3D scan traject-
ories is still in a comparatively early stage, research on how a
3D trajectory can be adapted for optimal reconstruction qual-
ity can already be found in the literature. Fischer et al [16] used
simulated projections to optimize the trajectory for a small
number of projections. The authors used an objective function
that is based on the local data noise and transmitted spatial fre-
quencies in the reconstructed volume. Herl et al [17] used the
magnitude of attenuation and a criterion for the completeness
of data in terms of the Tuy condition as optimization para-
meters. Criteria that have so far only been applied to conven-
tional CT scans, such as radiograph-based [18], geometrically

derived [19, 20] or histogram-based [21] quality parameters
could also in principle be used for trajectory optimization.

3D trajectories could also be advantageous for small parts.
The use of robot arms however might not be feasible in this
case, especially for end users who already work with conven-
tional industrial cone-beam CT scanners. Hexapod devices as
high precision parallel manipulators with six degrees of free-
dom could be a promising alternative. Here, we present results
using such a hexapod as an additional component to position
the measurement object in a cone-beam CT scanner. While
such a setup has already been applied for computed lamino-
graphy of flat objects with high aspect ratio [22], it can also
be used to perform 3D trajectories for CT scans. For this pur-
pose, in addition to the 360◦ rotation, the part is arbitrarily
tilted by the hexapod during the scan. We investigated dif-
ferent measurement objects and 3D trajectories to compare
various dimensional measurement tasks ranging from a case
where no proper reconstruction is possible using a circular tra-
jectory to a case where no improvements are expected for a
3D trajectory. An iterative reconstruction technique was used
to account for arbitrarily shaped trajectories. To enable pre-
cise reconstruction, we used an off-line geometry calibration
method based on a calibrated multi-sphere reference object.
This method is a modification of common calibration proced-
ures for cone-beam scanners, using the geometry parameters
from the internal calibration of the CT device as prior know-
ledge. Qualitative as well as quantitative results from dimen-
sional measurements are compared to results obtained with the
conventional circular trajectory.

2. Experimental setup

Figure 1 shows the combined setup consisting of the cone-
beam CT device Metrotom 1500 G2 (Carl Zeiss Industrielle
Messtechnik GmbH, Oberkochen, Germany) and the hexa-
pod H-840.G2 (Physik Instrumente (PI) GmbH & Co. KG,
Karlsruhe, Germany). The CT device is equipped with an x-
ray tube with a maximum voltage of 225 kV and a flat panel
detector with 20482 pixels of size (0.2 mm)2. The fixed dis-
tance between the spot of the x-ray source and the detector
is roughly 1380 mm. The hexapod is mounted on top of the
rotary table of the CT device by means of an adapter plate that
was supplied by the CT manufacturer. Winding of the supply
cables during the 360◦ rotation of the rotary table is supported
by a cable routing and a metal tube with enclosed lead, which
additionally acts as a shield to protect the encoders from sec-
ondary radiation.

The hexapod allows for motions with six degrees of free-
dom with the restriction of a travel range of ±50 mm
(±25 mm) in horizontal (vertical) direction and a maximum
rotational range of ±15◦ (±30◦) around the horizontal (ver-
tical) axis. This maximum angular range can only be reached
at the spatial zero position of the hexapod. Consequently, the
limitations of the hexapod movement narrow realizable points
for the scan trajectory. In our work, we kept the position of
the hexapod stage constant during a CT scan and restricted
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Figure 1. Hexapod as manipulator system on top of the rotary table
of the cone-beam CT device between x-ray tube (left) and detector
(right). On top of the hexapod, the multi-sphere reference object that
was used for trajectory calibration (kindly provided by METAS) is
visible. The drawn in axes are the ones of the world coordinate
systemW used later.

rotations to a tilt around the horizontal axis perpendicular to
the source-detector direction (y-axis in figure 1). However, in
principle any kind of rotation and spatial position could be
combined using the calibration method described later. The
hexapod was controlled using a programmable interface of
the CT device. In this way, both the CT device as well as
the hexapod can be controlled using commands written in C#.
The acquired x-ray projection images were preprocessed with
a tool provided by the CT supplier to correct the image distor-
tion according to [23].

It is worth to compare the maximum rotational range of
the hexapod with the cone angle of the CT device, which is
roughly 17◦. To satisfy the Tuy condition and avoid cone-beam
artifacts even for horizontal surfaces which are at initial state
imaged at the outermost (top or bottom) line of the detector,
the measurement object has to be tilted at least by half of the
cone-angle. For the used settings, this condition could always
be satisfied.

The measurement object has to be mounted keeping a cer-
tain distance from the hexapod stage to avoid that the part is
obscured by parts of the tilted stage in the x-ray image. It is
therefore convenient to set a Pivot point (center point of the
rotational system). This point can be set roughly to the cen-
ter of the measurement object. In this way, the object can be
tilted without changing the position, respectively magnifica-
tion. However, with increasing height of the Pivot point, the
range of the rotation angles that can be applied is narrowing.
For the highest distance from the stage used in our investiga-
tions (144 mm), the applicable tilt angle range was decreased
from ±15◦ to ±12◦.

We used three different measurement objects for our exam-
inations. These were chosen to cover a wide range of differ-
ent challenges and measurement tasks. The objects are shown
in the upper row of figure 2 in their mounted state. The used
trajectory paths and exemplary x-ray images can be found in
the middle and bottom row of this figure. In each case, a 3D

trajectory as well as a circular trajectory were performed for
direct comparison.

To test and demonstrate possible advantages of a complex
3D scan trajectory, the first part (plastic brick 4211210/3003,
Lego System A/S) was placed inside a demonstrator test fix-
ture consisting of an aluminum ring and several steel pins
(see top of figure 2(a)). This fixture was constructed in a way
that in case of a circular trajectory, the measurement object
is obscured by metal components in the x-ray image at cer-
tain scan angles (see left x-ray image in the bottom row of
figure 2(a)). There is no conventional circular trajectory where
this can be avoided. A potential solution for this problem could
be to omit scan angles that lead to an overlapping of the pro-
jected steel pins with the part. Hence, we additionally recon-
structed the object using only task-specifically selected x-ray
images of the original projection stack, similar as in former
investigations [24]. All x-ray images with obstructed view
were therefore sorted out. As a consequence, the number of
used x-ray images decreased to roughly one third of the num-
ber for the full scan.

On the other hand, unobstructed views for the full scan can
be achieved using a 3D trajectory. We used the scan traject-
ory illustrated in the middle row of figure 2(a) for that pur-
pose. This scan trajectory is realized by section-wise tilting
of the part with an alternating angle of ±15◦. The transitions
between these two tilt angles are carried out as a linear ramp
extending over a scan angle range of 9.5◦ respectively. In these
ramp regions, x-ray images are acquired with a constant scan
angle increment, just as for the plateau regions of the maxim-
um/minimum tilt angle. For the used magnification, the metal
components were not fully covered by the detector for the used
trajectories. This means that e.g. the steel pins moved into and
out of the field of view. Thus, this setup can be regarded as
ROI scan, where truncation artifacts are expected. To be able
to compare the results with scans without obscured views, the
steel pins can be removed without displacing the measurement
object. Reconstructed volume data for the different scan tra-
jectories will be compared using cross sections and 3D ren-
derings of the part after surface determination.

The second object, a steel ball (grade G10 according to DIN
5401 [25]) with a diameter of 8 mm, was chosen to account
for possible improvements in terms of cone-beam artifacts.
Spheres are objects that cannot be oriented in such a way that
cone-beam artifacts can be avoided for a circular scan tra-
jectory. The projection of the ball was by purpose not per-
fectly centered in the detector image to get more pronounced
cone-beam artifacts at the lower pole. The magnification was
not increased further, because the projection of the multi-
sphere reference object used for calibration (see next section)
would have exceeded the detector area. The tilt angle was var-
ied sinusoidally between ±8◦. The ball’s diameter as well as
the sphericity (minimum difference between the radii of two
concentric spheres that enclose all fit points) were defined
as measurement tasks. Besides quantitative results for these
measurands, the spatial distribution of fit point deviations as
well as cross sections through the reconstructed volume will
be compared to assess the influence of the scan trajectory on
the appearance of cone-beam artifacts. To investigate possible
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Figure 2. Overview of the investigated measurement objects (upper row), scan trajectories (middle row) and exemplary x-ray images (lower
row). (a) Plastic brick in demonstrator test fixture with high absorbing (removable) steel pins. (b) Steel ball (8 mm). (c) Aluminium
multi-feature specimen.

influences on the dimensional measurement results, not only
the applied scan trajectory was varied for the steel ball, but
also the number of iterations for the algebraic iterative recon-
struction. Moreover, the trajectory calibration procedure out-
lined in the next section was also performed for the circu-
lar scan trajectory, for which otherwise an ideal circle with
constant scan angle increment between consecutive projec-
tions is assumed. To further test the robustness of the traject-
ory calibration procedure, calibration scans were performed
with and without binning of 2× 2 pixels of the detector as
well as chronologically before and after the measurements of
the ball. The measurement object was then reconstructed mul-
tiple times using the different calibration scans. Differences
in dimensional measurement results caused by the trajectory
calibration procedure can be extracted in this way.

Finally, a multi-feature specimen made from aluminum
(EN AW-6082) was chosen as measurement object (see
figure 2(c)). We used several unidirectional and bidirectional
length features from 2 to 10 mm for our investigations. These
measurands are based on least squares fitted planes. The dis-
tances were measured along the respective axis of the part. The
location and nomenclature for the measurands can be found
in figure 3. The part was fixed with an initial orientation that
was found to be optimal in terms of geometrically derived
quality parameters for a circular trajectory in former invest-
igations [20]. For this orientation, no obvious measurement

artifacts are visible for the circular trajectory. Therefore, it is
not expected that a 3D scan trajectory leads to an improved
imaging quality for the reconstructed volume. As no signific-
ant differences between the different scan trajectories in terms
of imaging artifacts are expected, this setup can be seen as test
case to get a hint on how much inaccuracies from the hexapod
axes influence measurement deviations.

For both the steel ball and the multi-feature specimen, ten
measurement repetitions were done. To exclude systematic
effects from changing conditions, the measurement repetitions
for the two different scan trajectories were performed in altern-
ating order.

Reference values for the diameter of the steel ball as well
as for all measurands of the multi-feature specimen were
obtained using the tactile coordinate measurement machine
(CMM) UPMC 1200 CARAT S-ACC (Carl Zeiss Industri-
elle Messtechnik GmbH, Oberkochen, Germany). The expan-
ded measurement uncertainties (coverage factor k= 2) for the
reference values were determined using Monte Carlo simu-
lations (virtual CMM according to guideline VDI/VDE 2617
part 7 [26]). In case of the sphericity of the steel ball, no refer-
ence measurement was done. Measurements with CT showed
form deviations that are always more than ten times larger
than themanufacturing tolerance for the used grade (0.25µm).
Therefore, the measurement values for the sphericity were dir-
ectly used for comparisons.
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Figure 3. Evaluated unidirectional (U) and bidirectional (B) length features for the multi-feature specimen.

The used scan parameters for all scans are summarized
in table 1. All scans were reconstructed using the applica-
tion programming interface of the software CERA 6 (Siemens
Healthcare GmbH, Erlangen, Germany). The reconstructions
were done on a computer with an AMD Ryzen 7 2700X pro-
cessor, 32 GB RAM and the graphics processing unit NVIDIA
GeForce GTX 1070 (8 GB memory). Both algebraic iterat-
ive reconstruction as well as Feldkamp–Davis–Kress ( FDK)
reconstruction [27] were used in case of circular scan trajector-
ies. For iterative reconstruction, we used the algebraic recon-
struction pipeline of CERA with algorithm setting ‘basic’,
which is a ‘typical adoption of the standard simultaneous
algebraic reconstruction technique (SART) known in literat-
ure’ [28]. The theoretical background for this reconstruction
technique can be found in [29]. In the following, the abbrevi-
ation SART is used. Due to the complex form of the 3D traject-
ories, only iterative reconstruction could be used for this case.
Projection matrices were used to feed the projection geometry
to the reconstruction algorithm (see section 3). The reconstruc-
tion of the volume was restricted to the actual ROI around the
measurement objects. Due to the limited memory size of the
used graphics card, which also limits the maximum number
of voxels for the volume to be iteratively reconstructed, two of
the three objects were scanned using 2× 2 pixel binning of the
detector. SART reconstructions were performed using a relax-
ation factor of 0.5 (plastic brick) or 0.8 (steel ball, aluminum
part). The scan times and reconstruction times for the dif-
ferent measurement objects and scan trajectories are listed in
table 2. Dimensional measurements were done using the soft-
ware VGStudio Max 3.4 (Volume Graphics GmbH, Heidel-
berg, Germany). Local adaptive thresholds were thereby used
for automatic surface determination.

3. Trajectory calibration

The major problem for reconstructing the measurement
volume from a 3D trajectory is that the position and orient-
ation (pose) of the additional manipulator system (in our case
the hexapod) with regard to the CT coordinate system is not
known in advance. Thus, it is also not known how themeasure-
ment object moves in relation to the CT coordinate system if a
certain transformation is set for the hexapod stage. However,
exactly this information is needed for accurate reconstruction.

Table 1. Used scan parameters. The nomenclature for the
measurement objects is according to figure 2.

Measurement object a b c

Number of projections 720 900 900
X-ray tube voltage (kV) 100 210 180
X-ray tube current (µA) 350 85 370
Prefilter thickness (Cu) (mm) — 0.25 0.25
Integration time (s) 0.7 2.0 1.0
Gain 8 8 8
Pixel binning 2× 2 1× 1 2× 2
Magnification 6.6 11.4 6.0
Voxel side length (µm) 61.1 17.5 66.9
Maximum tilt angle (◦) 15 8 5

There are different possibilities to solve this problem. If the
repeatability of the manipulator system is not sufficient, mark-
ers could be imaged simultaneously along with the measure-
ment object [9]. In our case, we assume that the pose repeat-
ability of the hexapod is good enough that off-line calibration
procedures (calibrating the scan geometry before or after the
actual measurement scan) can be applied. The specifications
of the supplier (max. ±0.5 µm and ±12 µrad) and results in
the literature using a similar hexapod for Computed Lamino-
graphy [30] suggest that this assumption is valid.

In the case of off-line calibration procedures, again differ-
ent methods can in principle be applied. Blumensath et al [30]
proposed a method for determining the position and orienta-
tion of themanipulator system bymeans of amulti-step optim-
ization approach using the projections of spherical markers
with unknown positions in 3D.

Another possibility, which has finally been applied for
our investigations, is to use a calibrated multi-sphere refer-
ence object. As the positions of the spheres are known in the
coordinate system of the multi-sphere object, the parameters
of the projective transformation for a specific point of the scan
trajectory can be determined from a single projection [31]. A
detailed description of how this can be implemented to extract
the geometry parameters for a cone-beam setup can be found
in the publication of Li et al [32]. Applying this procedure on
each single point of the trajectory makes it possible to extract
the experimentally realized source trajectory (in relation to the
multi-sphere object) for the full scan without knowledge of the
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Table 2. Scan times and reconstruction times for the different measurement objects and scan trajectories. The reconstruction time for the
3D scan trajectory is given for the numbers of iterations (It.) that were used in our investigations.

Scan time (min) Reconstruction time (s)

Measurement object Circ. traj. 3D traj. Circ. traj. (FDK) 3D traj. (SART)

(a) Plastic brick 34 49 22 42 (1 It.)
(b) Steel ball 70 95 119 137 (1 It.)

626 (5 It.)
(c) Multi-feature spec. 48 63 40 223 (5 It.)

Figure 4. General schematic for a cone-beam projection.

position of the hexapod coordinate system. This means that at
least two scans are necessary to reconstruct a measurement
object from a 3D scan trajectory. First, the multi-sphere ref-
erence object has to be scanned to extract the scan geometry.
Second, the measurement object itself has to be scanned using
the identical trajectory. As we also applied the reconstruction
in an off-line manner, the order for the calibration scan and the
measurement scan can also be changed.

In the following, we show how we implemented and adap-
ted the methods described in [32]. The mathematical frame-
work is based on the description given in [31]. The multi-
sphere reference object we used consists of 17 metal spheres
on a carbon fiber tube and was kindly provided by the Swiss
Federal Institute of Metrology METAS. The provided calibra-
tion data for the sphere positions was obtained with a micro-
CMM [33]. Details about the multi-sphere object can be found
in [34].

Figure 4 illustrates the general geometric setup for a cone-
beam projection onto a flat-panel detector.

Using homogeneous vectors, the projection of a point XS =
(xS,yS,zS)T in the 3D source coordinate system S to a point
(u, v)T in the 2D detector coordinate system can be described
by multiplication with a 3× 4 projection matrix PS:uwvw

w

= PSXS = K [I|0]XS

=

− dSD
pu

0 u0 0
0 dSD

pv
v0 0

0 0 1 0



xS
yS
zS
1

 . (1)

The parameter w can be seen as scaling factor and is only
needed as intermediate step to calculate u and v. The left

Figure 5. Coordinate system C of the calibrated multi-sphere
reference object, connected to the source coordinate system via
rotation RCS and shift tCS.

3× 3 submatrix of PS contains the intrinsic geometric para-
meters and is named K. I is the 3× 3 identity matrix. (u0,v0)T

represents the piercing point (point where the central ray from
the source hits the detector with right angle), dSD is the distance
from source to detector and (pu,pv) are the pixel side lengths
in the two directions. We assume that the pixel elements of
the detector are perfectly rectangular (no skew). Note that in
contrast to [31], the first entry of the projection matrix has a
negative sign because the unit vector eu points in the oppos-
ite direction of exS . If we further assume quadratic pixels and
set pu = pv to a constant value, then there are three degrees of
freedom left for K.

In general, the task is to determine the unknown projec-
tion matrix from the correspondence between known points in
3D and their measured projections in 2D. In case of a multi-
sphere object, the coordinates of the centers of the spheres are
used. As these coordinates are not known in S, but only in the
coordinate system C of the multi-sphere object (see figure 5),
the transformation between the two coordinate systems has
also to be determined.

The mapping between points in C and their projections can
be described as:

uwvw
w

= PCXC = K [RCS|tCS]


xC
yC
zC
1

 , (2)

with a 3× 3 rotationmatrix RCS describing the orientation and
a vector tCS representing the shift between the two coordinate
systems. Consequently, six degrees of freedom (three for the
position and three for the orientation) are added to the projec-
tion matrix.
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Figure 6. Used world coordinate system W with origin at
intersection of central ray and assumed rotation axis of the rotary
table.

The projection matrix PC or rather the nine independent
geometric parameters could now be determined by optimiz-
ation, minimizing the geometric error:

min
PC

∑
i

d(xi,PCXC,i)
2. (3)

Here, XC,i is the calibrated position of sphere i in 3D, xi is the
corresponding measured position on the detector and the oper-
ator d indicates the Euclidean distance between the measured
and the projected point on the detector.

In preliminary tests we found that calibrating the full sys-
tem with all degrees of freedom led to comparatively low
accuracy. Therefore, we kept the intrinsic parameters fixed
and relied on the internal calibration results of the CT device,
which are expected to be highly accurate. The intrinsic para-
meters from this internal calibration are obtainedwith a special
multi-sphere object with a high number of spheres. This object
is additionally imaged at several different poses. However, we
could not use this object for our own calibration procedure for
3D trajectories, as the arrangement of the spheres exclude the
application of certain viewing angles.

Furthermore, it is convenient to not use the coordinate sys-
tem of themulti-sphere reference object for reconstruction, but
the world coordinate system W (see figure 6). This coordin-
ate system is also automatically used for the reconstruction of
circular scans. The origin of W is located at the intersection
of the central ray (defined by the connection between source
and piercing point) with the assumed rotation axis of the rotary
table. The orientation of the axes was chosen to match the ori-
entation that is inherently used by the reconstruction software.
The orientation is indicated in figure 1.

The introduction of the additional coordinate system leads
to an intermediate step in the transformation from C to S and
(2) can be adapted to:uwvw

w

= PCXC

= K [RWS|tWS]

[
RCW tCW
0T 1

]
xC
yC
zC
1

 . (4)

The meaning of RWS, tWS, RCW and tCW can be derived from
figure 6. RWS and tWS are both treated as known. The shift
is set to tWS = (0,0,dSR)T with dSR being the distance from
the source to the rotation axis (taken from the result of the
internal calibration of the CT device). Again, only one rotation
matrix (RCW) and one shift vector (tCW) have to be found by
optimization for each projection. To account for the projection
number, an index j will be added in the following.

After calibration, the found projection matrices could be
directly fed to the reconstruction software. However, this
would result in volume data that is aligned to and centered
in the coordinate system C. To achieve that the measurement
object for a 3D trajectory has exactly the same position and
orientation in the voxel data set like for a circular trajectory,
projection matrices describing the mapping from points in W
to points on the detector are needed.

As for the jth projection:

XW,j =

[
RCW,j tCW,j

0T 1

]
XC, (5)

this can be rearranged to:

XC =

[
R−1
CW,j −R−1

CW,jtCW,j

0T 1

]
XW,j. (6)

In the reconstruction software, the first projection defines
the position and orientation of the measurement object in
the volume data. The envisaged registration can therefore be
reached by inserting above equation with j= 1 in (4):ujwjvjwj

wj

= PW,jXW,j

= K [RWS|tWS]

[
RCW,j tCW,j

0T 1

]

×
[
R−1
CW,1 −R−1

CW,1tCW,1

0T 1

]
xW,j

yW,j

zW,j

1

 . (7)

The equation accounts for the fact that C and W do not coin-
cide for the first projection (including a possible tilt of the
hexapod). This initial discrepancy is reversed for every projec-
tion j and therefore the coordinate system of the reconstructed
volume is exactly the same like that for a circular trajectory.
For j= 1, it can be seen that (7) reduces to:

ujwjvjwj
wj

= K [RWS|tWS]


xW,j

yW,j

zW,j

1

 , (8)

which is identical to (2), if C coincides with W .
In summary, the projection matrices PC,j or rather the

unknown geometric parameters (RCW,j, tCW,j) have to be found
by optimization. Once determined, these parameters together
with the fixed parameters (K, RWS, tWS) can be inserted in (7)
to obtain the projection matrices PW,j, which are finally fed to

7



Meas. Sci. Technol. 32 (2021) 105402 L Butzhammer and T Hausotte

the reconstruction software to reconstruct measurement scans
using the same trajectory.

For our optimization approach, we used the nonlinear least-
squares solver of the software Matlab R2020a (The Math-
Works, Inc., Natick, USA) to extract tCW,j and the three ori-
entation angles of a consecutive rotation describing RCW,j out
of the (at maximum) 17 point correspondences of the multi-
sphere reference object. The geometric error (3) was used as
objective function. For XC, we directly used the center pos-
itions of the spheres from the calibration data of the multi-
sphere object. To obtain the coordinates (u, v)T of the projec-
ted centers, first the contours of the projected spheres were
detected. If overlap occurred, we excluded affected spheres.
To detect the contours, an initial rough detection was done
using a built-in function in Matlab to detect circles. After that,
Canny edge detection [35] was performed locally at the relev-
ant regions of interest.

There are two things that have to be considered to determ-
ine the projected sphere center out of the contour. First, the
cone-beam projection of a sphere whose center is not on the
central ray leads to an ellipsoid contour. Second, the projec-
tion of the sphere center and the midpoint of the ellipse do not
coincide [36].We considered the first point by fitting an ellipse
using singular value decomposition. For this purpose we fol-
lowed the method described in [32]. The second point was
considered by applying a correction to the found ellipse mid-
points according to [36]. To obtain the required local detector
coordinate system that was used in [36], for each projected
sphere the line from the known piercing point to the center
of the ellipse was used to define the direction of the relevant
axis, along which the correction is performed. We verified the
correction method numerically for off-axis sphere projections
and tilted detector geometry. However, for the conducted cal-
ibration scans, the influence of the correction on the resulting
geometric error after optimization was found to be negligible
compared to the variation of the error between different pro-
jections (hexapod poses). In total, no improvement in terms of
the geometric error could be observed. The reason might be
that in our case the ellipses were very close to a circular shape
(length difference between axes in sub-pixel range). Thus, the
correction is rather small and inaccuracies of the ellipse fitting
can more easily lead to an imperfect correction.

In the following section, dimensional measurement results
obtained with the described trajectory calibration procedure
will be compared to results that are obtained assuming an ideal
geometry for the circular scan trajectory. It is therefore of
interest whether a scaling error remains after the internal cal-
ibration of the CT device, which provides the intrinsic para-
meters and the distance between source and rotation axis |tWS|
for different set magnifications. Such a scaling error arises if
there is a systematic deviation for the assumed magnification
factor m= dSD/|tWS|. This leads to an erroneous voxel size
and consequently to erroneous length measurements.

We applied one of the methods described in [37] to determ-
ine the scaling error. This method is based on the evaluation of
sphere distance errors and was presented in [37] using a ball
plate. Plotting the sphere distance errors versus the calibrated
lengths, a line through the origin can be fitted. The obtained

slope a can be seen as relative length error. In our case, we used
CT scans of the multi-sphere reference object that was also
used for trajectory calibration, and evaluated all 136 sphere
distances that can be constructed from the 17 spheres. Fit-
ting was done using the linear least squares method of Mat-
lab. Following this procedure, we obtained a= 2.1× 10−4

for the magnification used for the measurement series of the
multi-feature specimen and a= 3.2× 10−5 for the magnific-
ation used for the measurement series of the steel ball. This
means that for the diameter of the steel ball (8 mm), a meas-
urement deviation due to scaling error of 0.3 µm can be expec-
ted, while for the measurands of the multi-feature specimen,
the deviations can reach 2 µm (for the highest evaluated dis-
tance of 10 mm). However, it must be mentioned that due to
high scattering of single sphere distance errors, the goodness
of fit to determine a was comparatively low with a coefficient
of determination [38] of R2 < 0.1 for all data sets.

If we apply the method to determine the scaling error
also on the realized 3D scan trajectories, the result is a=
−4.9× 10−5 (multi-feature specimen) and a=−1.4× 10−5

(steel ball). For the following results, scaling errors have not
been compensated but will be considered for the discussion of
dimensional measurement deviations.

4. Results and discussion

Qualitative results for the plastic brick are demonstrated in
figure 7 in the form of vertical cross sections and 3D render-
ings of the part after surface determination.

The left column of figure 7 shows results if the metal frame
with the steel pins is dismounted. While for the first two rows
all available projections for the circular scan trajectory were
used to reconstruct the object with the two different recon-
struction algorithms, for the third row only those scan angles
were used that showed no obscuring of the part by steel com-
ponents for the measurement with metal frame. In the last row,
the results with 3D scan trajectory can be seen. For the case
without metal frame, there are only minor differences for the
imaging quality between the reconstructions, except for the
circular scan with task-specific scan angles, where sampling
artifacts due to the low number of projections and limited
angular range appear. Having a closer look on the results for
the circular scan trajectory, cone-beam artifacts are visible.
They appear as streak artifacts arising from the horizontal
edges of the part at the top and bottom of the cross section
and are most pronounced for the FDK reconstruction. In case
of the 3D scan trajectory, cone-beam artifacts have vanished,
but the background appears less homogeneous in comparison
to the full circular scan.

If the part is scanned with the metal frame, the reconstruc-
ted volume is strongly affected by artifacts caused by the steel
pins in case of the conventional circular trajectory. The arti-
facts are a consequence of the high absorption of the pins and
the fact that the pins are not completely imaged for all scan
angles. This leads to inconsistencies in the reconstruction data
that further implicate truncation artifacts. For both FDK and
SART reconstruction of the circular scan, the brick is only
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Figure 7. Qualitative results for the plastic brick using different trajectories (see figure 2(a)) and reconstruction algorithms. In case of the
left column, the metal frame of the demonstrator test fixture was dismounted. The first flat-field corrected x-ray image of each scan is
imaged next to a vertical cross section through the reconstructed volume and a 3D representation of the part. The gray values of each cross
section are linearly mapped between the minimum value (black) and the maximum value (white).

weakly visible. The artifacts make it impossible to extract the
surface of the part.

If task-specific scan angles are used for the circular scan tra-
jectory, artifacts arising from the steel pins are widely reduced
at the region of the measurement object but the overall image
quality is too low to enable a proper detection of the surface
of the part.

If the 3D scan trajectory is applied, the part is kept in ‘clear
view’ for the full rotation with a sufficient distance to the pro-
jected steel components. This leads to a reconstruction quality

that is comparable to the case without metal frame. It is note-
worthy that strong artifacts can also appear in case of the 3D
scan trajectory, but these artifacts are located outside the ROI
and, therefore, do not affect the part.

The presented results for the plastic brick inside the demon-
strator test fixture can be regarded as proof of principle and as
best possible improvement that can be reached with a 3D scan
trajectory. Of course, this example is an artificially created task
that might not exist in such a form in reality. The metal frame
has been designed specifically to illustrate how the proposed
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Figure 8. Vertical cross sections for the measured steel ball. (a)
Circular scan trajectory with FDK reconstruction. (b) 3D scan
trajectory (see figure 2(b)). For better visualization, the gray values
of the cross sections are linearly mapped between the minimum
value (black) and roughly 35% of the maximum (white).

method can be used to omit less favorable projections. The
design of the object is not intended to be representative of real
engineering components. Nevertheless, for specific cases, the
used method could be an alternative to ROI CT [39]. Addi-
tional studies will be required to validate the method for real
ROI scan scenarios.

To elucidate the effect of 3D trajectories on suppressing
cone-beam artifacts, the steel ball was scanned at an off-center
position. This position was chosen in a way that the upper
pole was located close to the horizontal plane, which contains
the central ray. In this way, negligible cone-beam artifacts are
expected for the upper pole, while comparatively strong arti-
facts are expected for the lower pole in case of a circular tra-
jectory. In the cross section of figure 8(a), which shows results
for the circular trajectory, it can be seen that this is indeed the
case. Streaks arising from the lower pole are clearly visible.

To extract the effects of these artifacts on dimensional
measurements, the fit point deviations with regard to the fit-
ted ideal sphere were additionally evaluated and visualized in
figure 9. Figure 9(a) shows that the cone-beam artifacts lead
to positive point deviations of more than 6 µm at the region
around the pole.

If the 3D scan trajectory with sinusoidally varying tilt angle
is applied, the cone-beam artifacts as well as the high fit
point deviations at the pole are completely vanishing, com-
pare figures 8(b) and 9(b). As the maximum tilt angle of 8◦ is
greater than half of the cone angle of the CT device (7.5◦), sur-
face normals that are initially located inside the cone of miss-
ing frequencies [40] are completely rotated out of this region.

On the other hand, it is observable that the absolute val-
ues of the fit point deviations at areas outside the pole region
increase. This could be due to the fact that for the used recon-
struction software and chosen settings, SART reconstructions
showed a lower contrast-to-noise ratio (CNR) in comparison

to FDK reconstructions. The noise increases with higher num-
ber of applied iterations for the SART reconstruction, but even
for a single iteration, which was applied in case of figure 9(b),
the CNR is lower than the one for FDK reconstruction. Other
possible reasons, which cannot be excluded purely from this
data set, could be inaccuracies arising from the limited repeat-
ability of the hexapod or from the calibration procedure. For
certain projections of the calibration scan, overlapping of
up to six spheres occurred. As these spheres could not be
used for the optimization procedure of the calibration, higher
uncertainties for the found geometry parameters of these
affected projections are assumed. As such errors propagate
through the backprojection process into the final volume, this
could consequently yield higher deviations for the surface fit
points.

To shed light on the mentioned possible influences, dimen-
sional measurements were evaluated for the repeated scans of
the steel ball. Apart from the scan trajectory, the number of
iterations for the algebraic iterative reconstruction was varied.
Additionally, a calibration scan was applied as well for the
circular scan trajectory. Thus, the scans with circular traject-
ory can be iteratively reconstructed in two different ways. On
the one hand, the reconstruction can be done in the conven-
tional way that is also used for the FDK reconstruction. For
this conventional way, it is assumed that the scan trajectory is
represented by an ideal geometry, i.e. circle. The radius of this
circle is taken from the internal calibration results of the CT
device. On the other hand, projection matrices from the calib-
ration scan can be directly applied to describe the geometry of
the trajectory projection-wise, exactly as done for the 3D scan
trajectory.

Figure 10 shows the results that were obtained using the
different reconstruction algorithms and the different methods
to describe the geometry of the scan trajectories (assuming
ideal geometry or using projection matrices). In figure 10(a),
the measurement deviations for the diameter are plotted. The
expanded measurement uncertainty for the CMM reference
measurement (which defines zero deviation in the diagram)
was U= 0.6 µm with a coverage factor of k= 2. Therefore,
the diameter values obtained with CT are clearly too large for
all cases. The high deviations cannot be explained by a scal-
ing error, as the scaling error for the used magnification was
determined to be below 0.3 µm for a length of 8 mm (see
considerations about scaling errors in section 3). Comparing
the results for the case where an ideal geometry is assumed,
it can be observed that SART leads to reduced deviations
but a slightly increased range. This could be caused by the
different resulting imaging characteristics of the reconstruc-
tion algorithms. While in terms of CNR, the FDK reconstruc-
tion outperforms the SART reconstruction, the latter shows
higher sharpness of material edges, which might result in a
more accurate diameter determination. Increasing the number
of iterations enhances the differences, as the noise increases,
but simultaneously also the sharpness. This is supported by the
results for the sphericity (see figure 10(b)). Here, the spheri-
city increases with higher number of iterations because of the
increasing noise, which directly affects the obtained surface
roughness of the ball.
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Figure 9. Spatial distribution and histogram of the fit points deviations with respect to the fitted ideal sphere for the measured steel ball. (a)
Circular scan trajectory with FDK reconstruction. (b) 3D scan trajectory (see figure 2(b)). Note the grouped color scale. Fit points with
deviations greater than 6 µm are homogeneously colored red.

Figure 10. Measurement results for the diameter and sphericity of the steel ball for different scan trajectories and reconstruction settings
(n= 10). The number of iterations for the iterative algebraic reconstruction was set to 1 or 5. The scans with circular trajectory can be
reconstructed assuming an ideal circle or using projection matrices found by the same calibration method that was necessarily applied to the
3D trajectory.

If trajectory calibration, i.e. projection matrices, are used
for the circular scan trajectory, the diameter deviations are
significantly reduced, while the sphericity is only slightly
affected. It is assumed that the sphericity is dominated
by the fit points that are affected by cone-beam artifacts,
which are not reduced by only using projection matrices.
Thus, the results suggest that using projection matrices
leads to a more accurate determination of the projection
geometry for single projections and therefore to reduced
deviations for the diameter. This leads to the conclusion
that the used calibration method can compensate for geo-
metric deviations that are implied by the assumption of
an ideal circle. Such geometric deviations can arise e.g.
from a tilt of the rotation axis of the rotary table. It is
already known in the literature, that calibration procedures
based on multi-sphere reference objects can extract such
deviations [41].

In comparison to the circular scan with trajectory calibra-
tion, applying the 3D scan trajectory has only minor effects on
the diameter values, but leads to significant improvements for
the determination of the sphericity. The latter is caused by the
prevention of cone-beam artifacts, which was already shown
in figures 8 and 9.

Having a closer look on the results for the diameter devi-
ations, it can be observed that the 3D scan trajectory leads to
similar advantages like using projection matrices for the cir-
cular scan. However, the medians and the range of the meas-
urement values are slightly increased. This could be due to
positioning inaccuracies caused by the limited repeatability of
the hexapod. While for the circular scan the axes of the hexa-
pod were not moved, for the 3D scan the axes were moved
between two successive projections. However, as can be seen
in figure 10, such possible inaccuracies have a smaller influ-
ence than e.g. the number of iterations.
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Figure 11. Influence of the used calibration scan on the diameter
deviation for the steel ball (here circular scan trajectory, n= 10).
The calibration scan was performed before and after the
measurement series, using additionally different settings for the
pixel binning (1× 1: no binning, 2× 2: binning of four pixels).

To further test the influence of the trajectory calibration
step, calibration scans with different setting for the detector
pixel binning were performed before and after the measure-
ment series of the steel ball. Exemplary results for the circular
scan trajectory are shown in figure 11. Five iterations of the
SART algorithm were used for this example. One can see that
the robustness of the calibration in terms of changing condi-
tions is limited. In comparison, using the calibration scans that
were performed after themeasurement series led to lower devi-
ations. For the 3D scan trajectory similar dependencies could
be observed (not shown here). The influence of the pixel bin-
ning is not clear throughout all results. Despite the influence
of the conditions for the calibration on the absolute values,
the general conclusions derived from figure 10 can be main-
tained. For all results contained in figure 10, calibration scans
with 1× 1 binning obtained after the measurement series were
used.

To extend the basis of comparison, a greater number of
measurands was analyzed using the aluminum multi-feature
specimen. Furthermore, this object can be measured using
a circular scan trajectory without notable artifacts. No obvi-
ous advantages of a 3D scan trajectory could be identified in
advance. The choice of the applied shape of the 3D trajectory
was further made without underlying physical background.
Like for the steel ball, ten measurements were done for each
scan trajectory. Trajectory calibration was only applied for the
3D scan trajectory because for the used magnification, a high
number of overlapping spheres occurred for the circular scan.
Therefore, an ideal geometry (circle) was assumed for the cir-
cular scan trajectory. While the measurement scans were per-
formed with 2× 2 pixel binning, no binning was applied for
the calibration scan.

FDK as well as SART reconstruction were used for the cir-
cular scan trajectory to separate effects of the reconstruction
algorithm from effects of the trajectory. In figure 12, the meas-
urement deviations for the single measurands and different tra-
jectories/reconstruction algorithms can be found as boxplot

diagram. The measurement uncertainties of the CMM refer-
ence values are indicated by black horizontal lines for each
measurand.

First, it is remarkable that the results show comparatively
low absolute measurement deviations, of less than 6 µm over-
all. In case of the unidirectional distances, two third of the
median values lie inside the uncertainty range of the CMM ref-
erence value. In case of the bidirectional distances, this applies
only for 5 out of 18 median values. The higher measurement
deviations for bidirectional distances may originate from the
higher sensitivity on inaccuracies of the surface determination.
It is also visible from figure 12 that unidirectional measurands
that belong to symmetric structures of the part (such as U1 and
U2, see figure 3) show different results. This might be due to
the fact that the part was oriented with two successive rotations
around two different axes of the part. Due to this orientation,
the symmetric structures were projected on different heights
(detector lines). Therefore, the penetration lengths throughout
the 360◦ rotation can be different for the symmetric structures.

Looking at the results for the circular scan trajectory, it can
be observed that for specific measurands, significant large dif-
ferences exist, which are solely caused by the different recon-
struction algorithms. Apart from some outliers of the SART
data set, no clear algorithm preference can be deduced in terms
of absolute deviations.

Applying the 3D scan trajectory leads to improvements
for some measurands while for others the deviations increase.
Similar measurands (in terms of type and axis direction, see
figure 3) tend to show a characteristic pattern for the measure-
ment values at different parameters. For instance, in case of
measurands U7–U12, which are all unidirectional distances
along the axial direction of the part, by tendency highest
measurement values are obtained with circular trajectory and
SART, while the lowest values are obtained with the 3D tra-
jectory.

Considering the fact that no systematic measurement devi-
ations can be recognized in total for the unidirectional lengths,
this suggests that no significant scaling error was present for
the conducted measurement series. However, the determina-
tion of the scaling error with the multi-sphere reference object
(see section 3) yielded scaling errors between 0.4 and 2 µm
for the evaluated lengths. A compensation for the calculated
errors would shift the boxes for the circular scan trajectory
in figure 12 towards lower values. However, in sum, this
would result in increased absolute measurement deviations. It
is assumed that this is caused by an overestimation of the scal-
ing error when evaluating the sphere distances of the multi-
sphere object. The measured length values were therefore not
corrected.

In summary, one can state that the 3D scan trajectory does
not imply significant higher inaccuracies. As the ranges and
interquartile ranges for the values obtained with the 3D scan
trajectory are comparable to the ones obtained with circular
scan trajectory, this suggests that the repeatability of the hexa-
pod is indeed sufficient to not induce significant additional ran-
dom measurement errors.

With regard to possible industrial applications of the
presented methods, the impact on the measurement time is of
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Figure 12. Dimensional measurement deviations for the unidirectional and bidirectional distances of the aluminum multi-feature specimen
(see figure 3). The measurement uncertainties from the tactile reference measurement are indicated by the black horizontal lines.

further interest. The calibration procedure is an additional step
that directly influences the overall machine time. However, if
the same scan trajectory is applied several times, e.g. for geo-
metrically identical parts of a production batch, this disadvant-
age diminishes.

Apart from the calibration, the additional movement of the
hexapod axes cause increased scan times for single meas-
urements. Furthermore, the iterative reconstruction technique,
which is necessary to reconstruct the measurement volume for
3D scan trajectories, requires more computational time than
the FDK reconstruction, which is typically used for circular
scan trajectories. From table 2, it can be seen that for our
investigations, the scan time for a 3D trajectory was 31%–
44% higher than the one for the respective circular trajectory.
However, one has to note that scan times were not in focus
when developing the program code for controlling the devices.
For instance, the movement of the rotary table of the CT and
the movement of the hexapod axes are performed sequentially,
whereas they could also be performed in parallel.

Compared to the scan times, the differences in the recon-
struction time are only relevant for the measurements with
five iterations of the SART algorithm. However, even for these
cases, the reconstruction time is lower than the scan time and
would therefore not provoke any bottle neck in the meas-
urement chain for industrial measurement series. Neverthe-
less, it has to be mentioned that the size of the reconstructed
voxel data sets for our investigations was comparatively low
(between 2.9× 107 and 2.6× 108 voxels). As the reconstruc-
tion time is proportional to the number of voxels, the recon-
struction time can grow rapidly for larger data sets.

5. Summary

It was shown that complex 3D scan trajectories have been
successfully applied for an industrial cone-beam CT scanner

using a hexapod as additional manipulator system. The hexa-
pod was used for adaptive tilting of the measurement object
during the 360◦ scan. This can be used to prevent unfavorable
views for single projections and to avoid cone-beam artifacts.
To enable proper reconstruction, off-line trajectory calibration
based on a multi-sphere reference object was applied. For this
purpose, existingmethods from literature were modified to use
available prior knowledge of the CT geometry.

Results for the demonstrator test fixture suggest that the
greatest benefits from 3D scan trajectories can be expected for
multi-material measurement tasks, where metal artifacts and
truncation artifacts might not be avoidable for a circular scan
trajectory. Although for more application-related parts such
artifacts might not be completely avoidable using 3D scan tra-
jectories, the strength might still be reducible with a proper
choice of projective views.

Qualitative as well as quantitative results for the measured
steel ball showed that cone-beam artifacts can be avoided for
this part, which is not possible using a circular trajectory. This
mainly had a positive effect regarding the determination of
form deviations. Measurement deviations for the diameter of
the ball could also be reduced, but this was mainly caused by
the calibration procedure, which is able to compensate for geo-
metrical misalignments of the assumed ideal geometry of the
circular trajectory.

The evaluation of a variety of different length features for
the multi-feature aluminum part allowed for figuring out the
limits in terms of achievable accuracy. It was found that the use
of the hexapod and the applied calibration procedure do not
imply further significant systematic or random measurement
deviations.

Results based on different calibration scans for the steel ball
showed that the robustness of the calibration procedure could
still be improved. It is assumed that this could be achieved by
using a multi-sphere reference object with a higher number
of spheres. Additionally, the spheres should be arranged in a
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way that the number of overlapping projected sphere contours
is kept to a minimum for all possible poses that can be realized
with the hexapod. Future work will therefore focus on compar-
ing and improving different trajectory calibration methods.

It should be mentioned at this point that the hexapod and
the presented calibration procedure could also be used for the
fusion of single conventional cone-beam CT scans with differ-
ent workpiece orientation, similar as proposed e.g. in [42–44].

The specific shapes of the 3D scan trajectories in this paper
were chosen by an empirical approach. It is expected that
the benefits from 3D trajectories could be further increased if
more sophisticated methods based on mathematical optimiza-
tion were applied. Thus, this will be an additional focus of our
future research.
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