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Abstract

In paper [1] Ahmad et al. investigated the use of sharp function, known from functional analysis, in
image processing. The sharp function gives a measure of variations of a function and can be used
as an edge detector [2]. We extend the classical notion of sharp function to prove the classical
Lebesgue differentiation theorem and Marcinkiewicz theorem for the sublinear operator T'(x, y).

Keywords: Maximal function, bounded mean oscillations (BMQ), sharp function, distribution, sublinear
operator.
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1 Introduction

The sharp function is a well known functional analytic concept to measure the oscillatory behavior
of functions. It goes back to the maximal function which was introduced in Hardy and Littlewood
[3] to solve a problem in the theory of complex variable. Based on this idea John and Nirenberg
[4] introduced the concept of bounded mean oscillation (BMO) functions. Fefferman and Stein [5]
introduced the sharp function (denoted by f#) and found that a function f € BMO is equivalent with
f#* € L°°. For more details we refer to Fefferman [6], Kurtz [7] and Wojtaszczyk [8]. The idea of
applying the sharp operator to measure the oscillation and classification of images was first proposed
by Ahmad and Siddiqi [1] where it was used to find a suitable compression technique.
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In this paper, we use sharp function to prove the Marcinkiewicz Interpolation theorem for the
weak sublinear operator T'(z, y) and for generalization of the concept of distribution. This paper also
includes a proof of Lebesgue differentiation theorem.

2 Maximal Function

In this section we give a short introduction to the maximal function and its background. There is a rich
theory behind it, and we are going to point out some of the main results connected to it. The Hardy-
Littlewood maximal function was developed to solve a problem in the theory of functions of complex
variable. Further it can also be used in the proof of Lebesgue differentiation theorem, Fatou’s theorem
and in the theory of singular integral operators.

Definition 2.1. Let R" be the n-dimensional Euclidean space and f(x) be a real valued measurable
function on R™. For such a function f on R™ its Hardy-Littlewood maximal function is defined by the
formula

Q:xeQ
where the supremum ranges over all finite cubes @ in R™ and A(Q) is the Lebesgue measure of Q.

1 n
Mf(e) = sup {@/Qw)\dy . QCR ,er}, (2.1)

Definition 2.2. Let R™ be the n-dimensional Euclidean space and f(x) be a real valued measurable
function on R™. For such a function f on R its distribution is defined by the formula

ds(t) = X{z € R" : |f(z)| > ¢}), for t > 0. (2.2)
It is easy to find a function whose maximal function is unbounded.

Example 2.1. For f(z) = |z|* witht > 0, we get M f(x) = oo, for each x € R.

Theorem 2.2. [Hardy-Littlewood maximal theorem] For each function f € L*(R™) we have
A{z: Mf(z) > t}) < 6"t f]1, t > 0. (2.3)

Proof. If ||f|l1 = oo, then it is trivial. Without the loss of generality, we can assume that |||l = 1.
For a fixedt > 0, let E; = {z : M f(z) > t}. Then for each z € E; there is a cube @, such that

z € Q. C Et, and
1
oy { /Q If(y)\dy} St (2.4)

Thus,

IIf

t

Let a1 = max{\(Q.) : = € E;}, s0 aqx < t*. Let us fix a cube Q,, call it Q; such that
Q1) > %al. Consider all cubes @, such that Q, N Q1 = ¢. If there are no such cubes, we stop.
Otherwise we put az = max{A(Qz) : = € E; and Q, N Q1 = ¢} and fix such a cube Q., call it Q2
satisfying A\ (Q2) > %ag. Continuing in this way we get a sequence of cubes Q1, Q, ..., possibly finite
such that

2@ or L2 5

(i) the cubes @; are disjoint,
(i) AMQ;) > s max{\(Qz) : QzNQs=¢; fors=1,2,3,...,5— 1},
(i) fQaNQs=¢fors=1,2,3,...,5 — 1, then \(Qz) < 2A(Q;).
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From(2.4) and (i), we get

M(De) =2 M@ < Z [ s [ pwas R < @)

i

It is important to mention here that each @, intersects some Q;. If there exists a Q, disjoint
from all Q;’s then our process was infinite. So from (2.6), we see that A\(Q;) — oo which contradicts
(iii). Now for a given Q, let Qs be the first Q; that intersects with Q.. So by (iii), A\(Qz) < 2A(Qs) and
hence Q. C 6 ¢ Qs (by co Q we mean a cube with the same center as Q whose sides are c times
longer than sides of Q, ¢ > 0). Thus from equation (2.6), we have

A{z 2 Mf(z) > t}) = AMUQx)
< )\(LiJGOQi)
< ZA 60Q;) (2.7)

<6Z)‘ ) <6 %:671”]0”1'

An interesting application of the Maximal Theorem is a version of the Lebesgue differentiation
theorem.

Theorem 2.3. Let f € L*(R™). For almost all z € R™ and for every decreasing sequence of cubes
{Q;}521 such that N Q; = {z}, we have
j=1
1

Jm 555 /Q Wy = 1@) 2.8)

Proof. If f € L'(R™) N C(R™), then (2.8) holds for all z € R™. Given f € L'(R™) we take ¢ such that
0 < e < 1andwrite f = g+hwithg € L' (R*) NC(R™) and ||||1 < e. Then by the above observation
and by the definition of Hardy-Littlewood maximal function, we have,

limsup;_, o, ’/\(Q )fQ y)dy — f(z )’
. 1
— | s /Q (@ By~ G+ D

, 1
= 11;15:313 m/@j 9(y)dy — g(x) + Q) /Ah(y)dy—h(w)

h(z)

= limsup
Jj—roo

< h?ﬂp{@ /Q _|h<y)|dy}+h<x)|
< |h(@)| + Mh(z).

Now by equations (2.2) and (2.3), we get

A{z € R ¢ [h(z)| > vey) < 1Ph
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e [l

n 1 n
— <6
Ve — Ve

A({z: Mh(z) > Ve}) <6

respectively. This shows that outside the set {x € R" : Mh(z) > e} U{z € R" : |h(z)| > v/¢} which
has measure at most C'\/¢, we have

L pwdy - 1)

@) Jo, <2/

lim sup
j—oo

Since e was arbitrary small, we obtain

1 _ s
jlggc)@/(gj fly)dy = f(x).

O

The Hardy-Littlewood maximal operator M is a significant nonlinear operator used in real and
harmonic analysis. It takes a locally integrable function f : R™ — C and returns another function M f
that at each x € R™ gives the maximal average value that f can have on cubes containing the point
x € Q5. Hardy-Littlewood maximal inequality states that M is bounded as a sublinear operator from
LP(R™) to itself for p > 1.

Definition 2.3. A measurable function f on R™ has bounded p-mean oscillation, 1 < p < oo, if

1 pd 1/19
||f||BMopngP{TQ) /Q (@)~ fal a:} < o0

where the sup ranges over all finite cubes Q in R™ and fg = +4 fQ f(x)dx is the mean value of the

. Q)
function f on the cube Q.

The set of all functions of bounded p-mean oscillation is denoted by BM O, (R™). || f|lBmo, is
“almost” a norm since it has the following properties

@) IIf +gllemo, < fllBmo, + llgllBmo,
(i) llafllemo, < lalllfllemo,
(iii) [|fllBrmo, =0 iff f = constant a.e.,

where f and g are the measurable functions on R™ and « is some scalar quantity.

Example 2.4. The function

_J1 ifze0,1]
f(m){o ife ¢ [0,1]

is in BM O (R).

Let Q = [0,1], then

1 1 1
—_— — dr = — 1lldx = .
=5 | W@ = folde = [ 1f@) = 1lde = 0 < o

Every bounded function has a bounded p-mean oscillations.
That is, L>°(R"™) € BMO1(R"),1 < p < oo.
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Example 2.5. For f(x) = |z|* with « € (—1,0), we find maximal function M f(x) of f(x) as

Mf() i‘é‘?{m [ st 'dt}

We know that M f(z) = max{M f4(z), M f_(x)}. Assume that = > 0, then clearly,

/|f |dt—sup /|t|&dt.
y

Further, to obtain sup we consider y < 0, then we have

M f(z) = sup L { i }” .

y<0T—Yy a+1

Mf(z) = Mf-(x) =sup o

Since y < 0, so that choose y = —s, where s > 0 then

1 xa«l»l +Sa+1
M =
/(@) iggaz—l—s{ a+1 }

- 2t (1 + (s/z) )
—S>€x<1+</>>{ at1 }
{ (1+ (s/2)*h) }

A+ (s/a)d+a)f

=supzx
s>0

Putting = = ¢ > 0, we get

o | A G
Mf(z) = i&%{m}*”&-

C, tends to 0 as ¢ goes to infinity and the supremum is obtained.

3 Sharp Function

Sharp function is a very powerful tool that mediates between L spaces and the space of bounded
mean oscillations, i.e., BMO,.

Definition 3.1. For locally integrable function f on R™ the sharp function is given by

f*(z) = sup {@ /Q |f(y)—prdy}1/p<00-

Q:xeQ

Thus, f € BMO is identical with the statement f# € L>. The interest in f# lies in the fact that
f# e LP,p < co implies that f € L”.

Proposition 3.1. If f# is a function in L?(R™),and 1 < p < oo, then

dps () <) 7 ()15 (3.1)
and

I @)L = p / TN (t)dt. (32)
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Proof. By the definition of the distribution

dpx(t) = A{z € R™ : [f#(2)| > t})

3.3
i (3-3)
{z€R:| f# (z)| >t}

or,

Pdy(t) = / tPdx
{weR™:| f# ()| >t}

(3.4)
<[ 1@

Since f# is integrable on R™, then we have
Pd e (t) < | f7 ()5

dpx (8) <7 F7 ()15
For the remaining part we define the set A € R™ x [0,00) as A = {(z,s) : s < |f#(z)[P}. Using

Fubini’s theorem, we get
1## (2)IP
/ |f# (z) [P da :/ / 1dsdz
]Rﬂ R’n 0

:/ 1a(z,s)dsdz
R™ % [0,00)
:/0 M{z : |f# ()P > s})ds.

Putting s = t* = ds = pt?~'dt in the above integral, we obtain

/ | ()P = / T (e @) > )
R 0 (3.5)

=p [N @) > i
0
Therefore, N
1/ @)1L = p / 1 ().
O

Definition 3.2. An operator T defined on some class of measurable functions and mapping it into
measurable functions is called sublinear if

IT(f + 9)@)| <|T(H) (@) +|T(g)(x)] ae.

and
ITAf) (@) < T (f) ()], ae.,
for all admissible functions f, g and all scalars .

Definition 3.3. A sublinear operator 7' from L?(R"™) into L%(R") is said to be of weak type (p, q), 1 <
p < 00, ¢ < oo if there exists a constant C such that for each f € LP(R™) and each ¢t > 0 we have

Ao: (@) > ) < ()
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It is clear that each linear operator is sublinear. It immediately follows from (3.1) that if a sublinear
operator T satisfies
IT(HI <Ol £,

then T is of weak type (1,1).

Theorem 3.1. [Marcinkiewicz] Suppose T is a sublinear operator defined on L'(R™) + L°°(R™)
which is of weak type (1,1) and for some C satisfies

ITF#(|00 < CIlF#loe, (3.6)

then for each p,1 < p < oo, there exists a constant C(p) such that

ITf# 1, < C)f#lp, where C(p) =

(p—1)

Proof. We are given that T is a sublinear operator defined on L' (R™) 4+ L>(R") and is of weak type
(1,1) then by the definition of T" we can say without the loss of generality that for C =1 and ¢ > 0,

[EaalB

A s IT1# ()] > 1) < L

And also T satisfies (3.6), i.e.,
1T loo < CllF* oo

or,
1T lloo < 17 oo
Now for f# € LP(R™) and given ¢t > 0, we write f#(z) = fi(z) + fi(x), where fi(z) € L*(R"),

it(w)GL (R )ald
x x
ft(l‘)—{f () >

0 T <t,
_ @) e<t
ft(m)_{() x>t

Thus fi(z) = 14, ‘f#(s)‘@}f#(m). Since f* is a measurable function and T is a sublinear
operator, therefore T'f# is also a measurable function. Then by countable subadditivity, we have

{o:mrt@i> b e for @i g o e @l 4.

So from (3.2), we obtain

171 = [ Tt @pds

_ p/ooo PNz : [T ()] > £))dt

15 <P/Oootp_1/\ ({1’ T fy ()] > %}) dt+p/0oo D) ({x T ()] > %}) dt.

But we suppose that T satisfies (3.6) with C' = 1, and this implies that || T f,/2||c < % and thus, the
second integral is zero. Then by the definition of sublinear operator and (3.2) we get,

or,
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12
ATy A TR

:2p/ tH/ |7 () |dzdt
0 o:|f# (2)|> £}
2| # ()|
:2p/ |f#(ac)|/ P2 dtdx
R™ 0
1 _
—2 [ 1 @I e @) e
R p—1

2Pp # p
e MIACIRE

~
SOl 1<p<oce.

O

The relationship between weak (p, ¢) inequalities and the almost everywhere convergence is
given by the following result.

Theorem 3.2. Let {T;} be a family of linear operators on L?(R™);1 < p < oo and define
" f* (@) = sup|Te f* (@)
If T* is weak (p, q) then the set
{/F e LP®"): im Ty f% (2) = [*(z) a.e}
is closed in L?(R™).

Proof. Let {f,} be a sequence of functions which converges to f# in LP(R") such that T f#(z)
converges to f#(x) a.e.
Now, u({f* € LP(R™) : limsup|Tyf# (z) — f#(x)| > \})

t—to

= u{f* € LPR") :limsup| Ty f* (2) = fulw) + ful@) = F#(@)] > A})
< p(is* € LR mswplT(* - £)@)] > 5

Fu({7* € L") tmsup| (7%~ £2)(@)] > 5)

t—tg

IN

WT* € L) [T (7% — f)(@)] > 3))
T F* € PR : 1 (@) — fal@)] > 5D)
(2@ - sl + (@) - 1ol )

Since T* is weak (p,q) and f, — f# as n — oo, therefore

IN

p({f* € LP(R") : limsup| T, f#(z) — f#(z)| > 0})

t—tg

< Sullst e V@) timswplTi @) - £ @) > 1)
k=1 —to
= 0.
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4 Conclusions

The present study aimed at the generalization of the distribution function and the relation of distribution
function with the norm of sharp function. Also, we have proved an interpolation theorem for sharp
function and discussed the almost everywhere convergence of sharp function by means of the weak
(p, q) operator.

O
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