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Transverse momentum (mass) spectra of positively and negatively charged pions and of positively and negatively charged kaons,
protons, and antiprotons produced at mid-(pseudo)rapidity in various collisions at high energies are analyzed in this work. The
experimental data measured in central gold-gold, central lead-lead, and inelastic proton-proton collisions by several
international collaborations are studied. The (two-component) standard distribution is used to fit the data and extract the
excitation function of effective temperature. Then, the excitation functions of kinetic freeze-out temperature, transverse flow
velocity, and initial temperature are obtained. In the considered collisions, the four parameters increase with the increase of
collision energy in general, and the kinetic freeze-out temperature appears at the trend of saturation at the top Relativistic Heavy
Ion Collider and the Large Hadron Collider.

1. Introduction

It is believed that the environment of high temperature and
high density is formed in the system evolution process of cen-
tral nucleus-nucleus (AA) collisions at high energy [1–3], in
which quark-gluon plasma (QGP) is possibly created and
many particles are produced [4–6]. At present, it is impossible
to detect directly the system evolution process of collisions due
to very short time interval. Instead, the particle spectra at the
stage of kinetic freeze-out can be measured in experiments
and themechanisms of system evolutions and particle produc-
tions can be studied indirectly [7–9], though the particle ratios
reflect the property at the stage of chemical freeze-out. As for
peripheral AA collisions and small collision system, the situa-
tion is similar if the multiplicity is high enough due to the
small system which also appears collective behavior [10, 11].

Although there are different stages in the system evolution
[1–3], the initial state is the most important due to its deter-
mining effect to the system evolution. In addition, chemical
and kinetic freeze-outs are two important stages in the system

evolution. At the stage of chemical freeze-out, the system had a
phase transition from QGP to hadronic matter, and the con-
stituents and ratios of various particles do not change any-
more. At the stage of kinetic freeze-out, the collisions among
various particles are elastic, and the transverse momentum
spectra of various particles are fixed [2, 7]. In the small sys-
tem with low multiplicity, QGP is not expected to create in
it due to a very small volume of the violent collision region.
From the similar multiplicity at the energy up to 200GeV,
the small system is more similar to peripheral AA colli-
sions, but not to central AA collisions [12, 13]. At the
energy down to 10 or several GeV, the situation is different
due to the fact that the baryon-dominated effect plays more
important role in AA collisions [14].

The temperatures at the stages of kinetic freeze-out,
chemical freeze-out, and initial state are called the kinetic
freeze-out temperature (T0 or Tkin), chemical freeze-out tem-
perature (Tch), and initial temperature (T i), respectively.
Besides, one also has the effective temperature (T) in which
both the contributions of thermal motion and flow effect
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are included. It is expected that various temperatures can be
extracted from particle spectra, which are usually model
dependent. Generally, T is unavoidably model dependent,
and Tch extracted from particle ratios in the statistical ther-
mal model [15–18] is also model dependent. We hope to
use a less model-dependent method to extract T0, βT, and
T i. The quantities used in the method are expected to relate
to experimental data as much as possible, though they can
be calculated from models in some cases.

To perform a less model-dependent method, we would
like to use the standard distribution or its two-component
form to obtain T by fitting the experimental transverse
momentum (pT) or transverse mass (mT) spectra of various
particles. The standard distribution includes the Bose-Ein-
stein, Fermi-Dirac, and Boltzmann distributions, in which
the effective temperature parameter T is the closest to that
in the ideal gas model when comparing T with those in other
distributions. After the fitting, we hope to extract T0 and βT
from the relation to average pT (hpTi) due to the Erlang dis-
tribution in the multisource thermal model [19–21] and T i
from the relation to root-mean-square pT (

ffiffiffiffiffiffiffiffiffihp2Ti
p

) due to
the color string percolation model [22–24]. Obviously, hpTi
and

ffiffiffiffiffiffiffiffiffihp2Ti
p

depend on the data themselves, though they
can be calculated from the models.

In this work, the pT (mT) spectra of positively and nega-
tively charged pions (π+ and π−) and positively and nega-
tively charged kaons (K+ and K−), protons, and antiprotons
(p and �p) produced at mid-(pseudo)rapidity (mid-y or mid-
η) measured in central gold-gold (Au-Au) collisions at the
Alternating Gradient Synchrotron (AGS) by the E866 [25],
E895 [26, 27], and E802 [28, 29] Collaborations and at the
Relativistic Heavy Ion Collider (RHIC) by the STAR [30–
32] and PHENIX [33, 34] Collaborations, in central lead-
lead (Pb-Pb) collisions at the Super Proton Synchrotron
(SPS) by the NA49 Collaboration [35–37] and at the Large
Hadron Collider (LHC) by the ALICE Collaboration [38],
as well as in inelastic (INEL) proton-proton (pp) collisions
at the SPS by the NA61/SHINE Collaboration [39, 40], at
the RHIC by the PHENIX Collaboration [41], and at the
LHC by the CMS Collaboration [42, 43], are studied. The
(two-component) standard distribution is used to fit the data
and to extract T , T i, T0, and βT, as well as the excitation func-
tions (energy dependences) of parameters.

The remainder of this paper is structured as follows. The
formalism and method are shortly described in Section 2.
Results and discussion are given in Section 3. In Section 4,
we summarize our main observations and conclusions.

2. Formalism and Method

In high-energy collisions, the soft excitation and hard scatter-
ing processes are two main processes of particle productions.
Most light flavor particles are produced in the soft excitation
process and distributed in a narrow pT range which is less
than 2~3GeV/c or a little more. Some light flavor particles
are produced in the hard scattering process and distributed
in a wide pT range. In collisions at not too high energies,
the contribution of the hard scattering process can be

neglected and the main contributor that produced particles
is the soft excitation process. In collisions at a high energy,
the contribution of the hard scattering process cannot be
neglected, though the main contributor that produced parti-
cles is also the soft excitation process. It is expected that the
contribution fraction of the hard scattering process increases
with the increase of collision energy.

The contributions of soft excitation and hard scattering
processes can be described by similar or different probability
density functions. Generally, the hard scattering process does
not contribute mainly to the temperature and flow velocity
due to its small fraction in a narrow pT range. We can neglect
the contribution of the hard scattering process if we study the
spectra in a not too wide pT range. On the contribution of the
soft excitation process, we have more than one functions to
describe the pT spectra. These functions include, but are
not limited to, the standard distribution [44], the Tsallis sta-
tistics [44–47], the Erlang distribution [19–21], the
Schwinger mechanism [48–51], the blast-wave model with
Boltzmann statistics [52, 53], the blast-wave model with Tsal-
lis statistics [54–56], the Hagedorn thermal distribution [57],
and their superposition with two- or three-component.
These functions also describe partly the pT spectra of the
hard scattering process in most cases.

In our opinion, in the case of fitting the data with accept-
able representations, various distributions show similar
behaviors which result in similar hpTi (

ffiffiffiffiffiffiffiffiffihp2Ti
p

) with different
parameters. To be the closest to the temperature concept in
the ideal gas model, we choose the standard distribution in
which the chemical potential μ and spin property S are
included. That is, one has the probability density function
in terms of pT to be [44]

f pT pT , Tð Þ = 1
N

dN
dpT

= CpTmT

ðymax

ymin

cosh y

× exp
mT cosh y − μ

T

� �
+ S

� �−1
dy,

ð1Þ

where

mT =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2T +m2

0

q
, ð2Þ

m0 is the rest mass, N denotes the particle number, ymin
(ymax) is the minimum (maximum) value in the rapidity
interval, S = −1 (+1) is for bosons (fermions), and C is
the normalization constant. Similarly, the probability den-
sity function in terms of mT is

f mT
mT , Tð Þ = 1

N
dN
dmT

= Cm2
T

ðymax

ymin

cosh y

× exp
mT cosh y − μ

T

� �
+ S

� �−1
dy:

ð3Þ

In some cases, the independent variable mT in Equation
(3) is replaced by mT −m0 which starts at 0. Both mT
and mT −m0 show the same distribution shape. As
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probability density functions, the integrals of Equations (1)
and (3) are naturally normalized to 1, respectively.

The chemical potential μ in Equations (1) and (3) is par-
ticle dependent. For the particle type i (i = π, K , and p in this
work), its chemical potential μi is expressed by [34, 58, 59]

μi = −
1
2
Tch ln kið Þ, ð4Þ

where ki denotes the ratio of negative to positive particle
numbers,

Tch =
T lim

1 + exp 2:60 − ln ffiffiffiffiffiffiffiffi
sNN

p� �
/0:45

	 
 ð5Þ

is empirically the chemical freeze-out temperature in the sta-
tistical thermal model [15–18], T lim = 0:158GeV is the limit-
ing or saturation temperature [3], and

ffiffiffiffiffiffiffiffi
sNN

p
is the center-of-

mass energy per nucleon pair in the units of GeV.
Generally, one needs one or two standard distributions to

fit the pT (mT) spectra in a narrow range. In particular, if the
resonance decays contribute a large fraction, a two-
component distribution is indeed needed. Or, if the hard
scattering process contributes a sizable fraction in the consid-
ered pT (mT) range, a two-component distribution is also
needed. In the case of using the two-component standard
distribution in which the contributions from resonance
decay are naturally included in the first component which
covers the spectra in the low-pT region (<0:2~0:3GeV/c),
one has the probability density functions of pT and mT to be

f pT pTð Þ = kf pT pT , T1ð Þ + 1 − kð Þf pT pT , T2ð Þ, ð6Þ

f mT
mTð Þ = kf mT

mT , T1ð Þ + 1 − kð Þf mT
mT , T2ð Þ, ð7Þ

respectively, where k denotes the contribution fraction of
the first component, and f pT ðpT , T1Þ [f pT ðpT , T2Þ] and
f mT

ðmT , T1Þ [f mT
ðmT , T2Þ] are given in Equations (1)

and (3), respectively. The integrals of Equations (6) and
(7) are also normalized to 1, respectively. Correspondingly,

T = kT1 + 1 − kð ÞT2 ð8Þ

is averaged by weighting the two fractions. The tempera-
ture T defined in Equation (8) reflects the common effec-
tive temperature of the two components in the case that
the two components are assumed to stay in equilibrium.

According to the Hagedorn model [57], one may also use
the usual step function θðxÞ to superpose the two standard
distributions, where θðxÞ = 0 if x < 0 and θðxÞ = 1 if x ≥ 0.
Thus, we have new probability density functions of pT and
mT to be

f pT pTð Þ = A1θ p1 − pTð Þf pT pT , T1ð Þ + A2θ pT − p1ð Þf pT pT , T2ð Þ,
ð9Þ

f mT
mTð Þ = A1θ m1 −mTð Þf mT

mT , T1ð Þ
+ A2θ mT −m1ð Þf mT

mT , T2ð Þ,
ð10Þ

respectively, where A1 and A2 are constants which result in
the two components to be equal to each other at pT = p1
and mT =m1. The integrals of Equations (9) and (10) should
be normalized to 1, respectively, due to the fact that they are
probability density functions. The contribution fractions of
the first component in Equations (9) and (10) are

k =
ðp1
0
A1 f pT pT , T1ð ÞdpT

= 1 −
ðpT max

p1

A2 f pT pT , T2ð ÞdpT ,
ð11Þ

k =
ðm1

m0

A1 f mT
mT , T1ð ÞdmT

= 1 −
ðmT max

m1

A2 f mT
mT , T2ð ÞdmT ,

ð12Þ

respectively, where pT max and mT max denote the maximum
pT and mT , respectively. Equation (8) is also suitable for the
superposition in terms of the Hagedorn model [57].

The two superpositions show respective advantages and
disadvantages. The first superposition can fit the data by a
smooth curve. However, there are correlations in determin-
ing T1 and T2. The second superposition can determine T1
and T2 without correlations. However, the curves are possi-
bly not smooth at p1 or m1. In the case of obtaining hpTi
and

ffiffiffiffiffiffiffiffiffihp2Ti
p

, it does not matter which superposition is used,
though the two T are slightly different. In this work, we use
the first superposition to obtain smooth curves. One has

pTh i =
ðpT max

0
pT f pT pTð ÞdpT , ð13Þ

ffiffiffiffiffiffiffiffiffiffi
p2T
� �q

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðpT max

0
p2T f pT pTð ÞdpT

s
, ð14Þ

due to

ðpT max

0
f pT pTð ÞdpT = 1: ð15Þ

Based on the mT spectrum, we may use the same param-
eters to obtain hpTi and

ffiffiffiffiffiffiffiffiffihp2Ti
p

from the related formula of
pT distribution.

It should be noted that, since we aim to extract the
parameters in a less model-dependent way, we shall obtain
hpTi and

ffiffiffiffiffiffiffiffiffihp2Ti
p

from the combination of data points and
fit function in this paper. In fact, wemay divide pT (mT) spec-
trum into two or three regions according to the measured
and unmeasured pT (mT) ranges. To obtain hpTi andffiffiffiffiffiffiffiffiffihp2Ti
p

, we may use the data points in the measured pT (mT
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) range and only use the fit function to extrapolate to the
unmeasured pT (mT) range.

In each nucleon-nucleon collision in AA and pp colli-
sions, the projectile and target participant sources contribute
equally to hpTi. In the framework of the multisource thermal
model [19–21], each projectile and target source contribute a
fraction of 1/2 to hpTi, i.e., hpTi/2 which is contributed
together by the thermal motion and flow effect. Let k0
(1 − k0) denote the contribution fraction of thermal motion
(flow effect); we define empirically

T0 ≡
k0 pTh i

2
, ð16Þ

βT ≡
1 − k0ð Þ pTh i
2m0�γ

, ð17Þ

where �γ is the mean Lorentz factor of the considered particles
and

k0 = 0:30 − 0:01 ln ffiffiffiffiffiffiffiffi
sNN

pð Þ ð18Þ

is a parameterized representation in this paper due to our
comparison with the results [12, 13] from the blast-wave
model [52–56]. In Equation (18),

ffiffiffiffiffiffiffiffi
sNN

p
is in the units of

GeV as that in Equation (5).
In a recent work [60], it is shown that the effective tem-

perature is proportional to hpTi and the kinetic freeze-out
temperature is proportional to the effective temperature,
though the effective temperature used in Ref. [60] is different
from this paper. This confirms the relation of T0 ∝ hpTi
(Equation (16)) used in this paper. Considering each projec-
tile and target source contributing hpTi/2 [19–21], we have
concretely T0 ∝ hpTi/2. The remainder in hpTi/2 is naturally
contributed by the transverse flow. This confirms Equations
(16) and (17) to be justified, though k0 is an empirical
representation.

To continue this work, we need some assumptions and a
coordinate system. In the source rest frame, the particles are
assumed to emit isotropically. Meanwhile, the interactions
among various sources are neglected, which affects slightly
the pT(mT) spectra, through which affects largely anisotropic
flows [61]. A right-handed coordinate systemO–xyz is estab-
lished in the source rest frame, where the Oz axis is along the
beam direction, the xOy plane is the transverse plane, and the
xOz plane is the reaction plane.

We can obtain �γ by a Monte Carlo (MC) method. Let
R1,2,3 denote a random number distributed evenly in ½0, 1�;
each concrete pT satisfies

ðpT
0
f pT p′T , T

 �
dp′T < R1 <

ðpT+δpT
0

f pT p′T , T
 �

dp′T , ð19Þ

where δpT denotes a small shift relative to pT . Each concrete
emission angle θ satisfies

θ = 2 arcsin
ffiffiffiffiffi
R2

p
, ð20Þ

due to the fact that θ obeys the probability density function
f θðθÞ = ð1/2Þ sin θ in ½0, π� in the case of isotropic assump-
tion in the source rest frame. The solution of the equationÐ θ
0 f θ′ðθ′Þdθ′ = R2 is Equation (20). We give up to use rapid-

ity due to the fact that it is unnecessary here. Each concrete
momentum p, energy E, and Lorentz factor γ can be obtained
by

p = pT csc θ, ð21Þ

E =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 +m2

0

q
, ð22Þ

γ =
E
m0

, ð23Þ

respectively. After multiple repeating calculations due to the
MC method, we have

�γ =
�E
m0

, ð24Þ

where �E denotes the mean E for a given type of particle.
In addition, each concrete azimuthal angle ϕ satisfies

ϕ = 2πR3, ð25Þ

due to the fact that ϕ obeys the probability density func-
tion f ϕðϕÞ = 1/ð2πÞ in ½0, 2π� in the case of isotropic
assumption in the source rest frame. The solution of the
equation

Ð ϕ
0 f ϕ′ðϕ′Þdϕ′ = R3 is Equation (25). Each con-

crete momentum components px, py , and pz can be
obtained by

px = pT cos ϕ, ð26Þ

py = pT sin ϕ, ð27Þ

pz = pT cot θ = p cos θ, ð28Þ
respectively. By using the components and E, p, and θ, we
can obtain other quantities such as (pseudo)rapidity and
event structure [61] which are beyond the focus of this
work and will not be studied anymore.

According to the color string percolation model [22–24],
one has

Ti ≡

ffiffiffiffiffiffiffiffiffiffi
p2T
� �
2

s
: ð29Þ

Meanwhile, we have the relation between the three compo-
nents px, py, and pz of the momentum p to be

ffiffiffiffiffiffiffiffi
p2xh i

q
=

ffiffiffiffiffiffiffiffiffiffi
p2y

D Er
=

ffiffiffiffiffiffiffiffi
p2zh i

q
=

ffiffiffiffiffiffiffiffiffiffi
p2T
� �
2

s
, ð30Þ
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in which the root-mean-square components
ffiffiffiffiffiffiffiffihp2xi

p
,

ffiffiffiffiffiffiffiffi
hp2yi

q
,

and
ffiffiffiffiffiffiffiffihp2zi

p
are used. Naturally, Ti can be given by one of

the root-mean-square components.
We would like to point out that the above isotropic

assumption is only performed in the source rest frame. It is
expected that many sources are formed in high-energy colli-
sions according to the multisource model [19–21]. These
sources distribute at different rapidities in the rapidity space,
which appear at the effect of longitudinal flow. The two-
component pT and mT spectra render that these sources stay
in two different excitation states or have two different decay
mechanisms. The interactions among these sources also
affect anisotropic flows in transverse plane [61].

3. Results and Discussion

Figures 1(a)–1(q) show the pT (mT −m0) spectra, ð1/2πpTÞ
· d2N/dydpT [ð1/2πmTÞ · d2N/dydmT], of π

+, π−, K+, K−, p
, and �p produced at mid-y or mid-η in central Au-Au colli-
sions at different

ffiffiffiffiffiffiffiffi
sNN

p
, where the particle types, y or η inter-

vals, centrality classes, and collision energies are marked in
the panels. The closed and open symbols represent, respec-
tively, the experimental data of positively and negatively
charged particles measured by the E866 [25], E895 [26, 27],
E802 [28, 29], STAR [30–32], and PHENIX [33, 34] Collab-
orations marked in the panels, where in Figures 1(a)–1(d),
the data for π± and K+ are taken from the E866 Collaboration
[25] and the data for p are taken from the E895 Collaboration
[26, 27]. The solid and dashed curves are our results fitted by
Equation (6) or (7) for positively and negatively charged par-
ticles, respectively. The values of free parameters (T1, T2 if
available, and k), derived parameter (T), normalization con-
stant (N0), χ

2, and degree-of-freedom (dof) are listed in
Table 1. The dot-dashed curves are our results fitted by using
the single component function with the weighted average
parameter hTi which will be discussed later. The dotted
curves and asterisks in Figures 1(a)–1(f) represent the MC
results for K+ with high (106 particles) and low (104 particles)
statistics, respectively, which will be discussed at the end of
this section. In the fitting process for the solid and dashed
curves, the least squares method is used to determine the best
parameter values. The experimental global uncertainties used
in the calculation of χ2 are taken to be the root sum square of
statistical uncertainties and point-by-point systematic uncer-
tainties. The best parameters are determined due to the lim-
itation of the minimum χ2. The global uncertainties of
parameters are obtained using the method of statistical sim-
ulation [62]. We note that χ2 per dof (χ2/dof) in a few cases
is larger than 10, which renders that the fit is not too good.
One can see that the (two-component) standard distribution
fits approximately the pT (mT −m0) spectra of π

±, K±, p, and
�p measured at mid-y or mid-η in central Au-Au collisions
over an energy range from 2.7 to 200GeV in most cases.

Figure 2 is similar to Figure 1, but it is showing the spec-
tra of various particles produced at mid-y in central Pb-Pb
collisions at high

ffiffiffiffiffiffiffiffi
sNN

p
, where the factor ð1/2πÞ on the verti-

cal axis is removed in some cases andNevt if available denotes

the particle number which can be removed. The symbols rep-
resent the experimental data measured by the NA49 [35–37]
and ALICE [38] Collaborations. The values of various
parameters, χ2, and dof for fitting the solid and dashed curves
are listed in Table 2. Figure 3 is similar to Figures 1 and 2, but
it showing the spectra of various particles produced at mid-y
or mid-η in INEL pp collisions at high center-of-mass ener-
gies

ffiffi
s

p
, where the factor ð1/2πpTÞ on the vertical axis is

removed and the invariant cross-section Ed3σ/dp3 is used
in some cases. The symbols represent the experimental data
measured by the NA61/SHINE [39, 40], PHENIX [41], and
CMS [42, 43] Collaborations. The values of various parame-
ters, χ2, and dof for fitting the solid and dashed curves are
listed in Table 3, where the cross-section σ0 is used as the
normalization constant if the spectrum is Ed3σ/dp3. One
can see that the (two-component) standard distribution fits
approximately the pT (mT −m0) spectra of π

±, K±, p, and �p
measured at mid-y or mid-η in central Pb-Pb and INEL pp
collisions over an energy range from 6.3 to 13000GeV in
most cases.

To study the dependence of the main parameter T on col-
lision energy

ffiffiffiffiffiffiffiffi
sNN

p
or

ffiffi
s

p
, the excitation functions of T for

central Au-Au (Pb-Pb) collisions and INEL pp collisions
are shown in Figures 4(a) and 4(b), respectively. The results
obtained from the spectra of π+, π−, K+, K−, p, and �p are dis-
played by different symbols marked in the panels. The aster-
isks represent hTi which is the average T by weighting
different masses and yields of the six particles. In the case
where one of the six particles is absent, hTi is not available.
One can see that T and hTi increase with the increase of ln
ð ffiffiffiffiffiffiffiffi

sNN
p Þ [ln ð ffiffi

s
p Þ]. Meanwhile, T increases with the increase

of particle mass.
To better determine the kinetic freeze-out information,

we now fit simultaneously the spectra of π+, π−, K+, K−, p,
and �p in different pT ranges using the same set of parameters.
In Figures 1–3, the dot-dashed curves are the results using the
weighted average hTi which is energy dependent, though in
fact we may use the other T to obtain a little better result in
some cases. In the refit, the normalization constant N0 for
different spectra is adjustable to fit the suitable pT range. In
despite of mass-dependent (two-)temperature in the nonsi-
multaneous fit, the simultaneous fit is done using the same
and only set of hTi for the six species of particles at each
energy. That is to say that we use one component function
to fit the spectra of the six species of particles at each energy.
And the temperature is the same for each particle, and the
normalization factor is adjusted. It seems that our treatment
is not a fair comparison of the nonsimultaneous fit and
simultaneous fit, where the nonsimultaneous fit uses the
two-component in some cases. However, the simultaneous
fit seeks for the same temperature which does not allow the
two-component for some particles due to other particles cor-
responding to one component. In our opinion, our compar-
ison is fair for the nonsimultaneous fit and the
simultaneous fit. One can see that the same set of hTi can
fit only a part of the pT range in some cases. The fit results
using the same set of parameters are not ideal. These results
do not support the single scenario for kinetic freeze-out.
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Figure 1: Continued.
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Figure 1: Continued.
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Figure 1: The pT (mT −m0) spectra, ð1/2πpTÞ · d2N/dydpT [ð1/2πmTÞ · d2N/dydmT], of π
+, π−, K+, K−, p, and �p produced at mid-y or mid-η in

central Au-Au collisions at high
ffiffiffiffiffiffiffiffi
sNN

p
. The closed and open symbols represent, respectively, the experimental data of positively and negatively

charged particles measured by (a–e) the E866 [25] and E895 [26, 27], (f) the E802 [28, 29], (g–o) the STAR [30–32], and (p–q) the PHENIX
[33, 34]. Collaborations marked in the panels which appear mostly (g–q), where in (a)–(d), the data for π± and K+ are taken from the E866
Collaboration [25] and the data for p are taken from the E895 Collaboration [26, 27]. The solid and dashed curves are our results fitted by
Equation (6) or (7) for positively and negatively charged particles, respectively. The dot-dashed curves are our results fitted by using the
weighted average parameter hTi. The dotted curves and asterisks in (a)–(f) represent the MC results for K+ with high (106 particles) and low
(104 particles) statistics, respectively.
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Figure 2: Same as in Figure 1 but showing the spectra of various particles produced at mid-y in central Pb-Pb collisions at high
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sNN

p
, where

the factor ð1/2πÞ on the vertical axis is removed in some cases and Nevt if available denotes the particle number which can be removed. The
symbols represent the experimental data measured by (a–e) the NA49 [35–37] and (f) the ALICE [38] Collaborations.
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Figure 3: Continued.
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The symbols represent the experimental data measured by (a–e) the NA61/SHINE [39, 40], (f, g) the PHENIX [41], and (h–k) the CMS
[42, 43] Collaborations, where panels (g–k) appear.

14 Advances in High Energy Physics



T
a
bl
e
3:
T
he

sa
m
e
as

T
ab
le
1
bu

ts
ho

w
in
g
th
e
re
su
lts

fo
r
IN

E
L
pp

co
lli
si
on

s
w
hi
ch

ar
e
sh
ow

n
in

Fi
gu
re
3,
w
he
re
th
e
no

rm
al
iz
at
io
n
co
ns
ta
nt

is
σ
0
fo
r
th
e
ca
se
s
of

62
.4
an
d
20
0
G
eV

pr
es
en
te
d

in
Fi
gu
re
s
3(
f)
an
d
3(
g)
,r
es
pe
ct
iv
el
y.

C
ol
la
b.

ffiffi sp (
G
eV

)
P
ar
ti
cl
e

T
1
(M

eV
)

T
2
(M

eV
)

k
T
(M

eV
)

N
0
(σ

0)
χ
2

do
f

N
A
61
/S
H
IN

E
6.
3

π
−

11
0
±
7

16
9
±
9

0:
82

±
0:
01

12
1
±
7

0:
08
6±

0:
00
6

12
14

K
±

11
3
±
6/
12
3
±
6

−/
−

1/
1

11
3
±
6/
12
3
±
6

0:
00
96

±
0:
00
03
/0
:0
03
0
±
0:
00
01

2/
1

4/
8

p
12
5
±
5

−
1

12
5
±
5

0:
02
7±

0:
00
1

69
5

7.
7

π
±

10
3
±
10
/1
13

±
10

17
7
±
9/
17
8
±
9

0:
78

±
0:
01
/0
:8
1
±
0:
01

11
9
±
10
/1
25

±
10

0:
16

±
0:
01
/0
:0
98

±
0:
00
3

1/
16

1/
16

K
±

13
1
±
6/
12
7
±
6

−/
−

1/
1

13
1
±
6/
12
7
±
6

0:
00
13

±
0:
00
01
/0
:0
05
0
±
0:
00
02

4/
1

7/
5

p/
� p

13
6
±
10
/1
04

±
12

−/
−

1/
1

13
6
±
10
/1
04

±
12

0:
02
7
±
0:
00
2/
0:
00
06
6
±
0:
00
00
1

4/
5

9/
7

8.
8

π
±

10
5
±
10
/1
13

±
10

18
2
±
9/
17
8
±
9

0:
78

±
0:
02
/0
:8
1
±
0:
02

12
2
±
10
/1
25

±
10

0:
16

±
0:
01
/0
:1
1
±
0:
01

1/
33

2/
18

K
±

12
6
±
6/
12
3
±
6

−/
−

1/
1

12
6
±
6/
12
3
±
6

0:
01
3
±
0:
00
1/
0:
00
56

±
0:
00
02

24
/6

9/
7

p/
� p

13
6
±
9/
10
2
±
12

−/
−

1/
1

13
6
±
9/
10
2
±
12

0:
02
7
±
0:
00
1/
0:
00
07
8
±
0:
00
00
4

1/
3

9/
3

12
.3

π
±

10
8
±
10
/1
13

±
10

19
0
±
9/
18
4
±
9

0:
77

±
0:
02
/0
:7
9
±
0:
01

12
7
±
10
/1
28

±
10

0:
16

±
0:
01
/0
:1
2
±
0:
01

1/
23

2/
16

K
±

13
5
±
6/
12
7
±
6

−/
−

1/
1

13
5
±
6/
12
7
±
6

0:
01
5
±
0:
00
1/
0:
00
74

±
0:
00
03

10
/9

8/
7

p/
� p

15
0
±
10
/1
06

±
12

−/
−

1/
1

15
0
±
10
/1
06

±
12

0:
01
7
±
0:
00
1/
0:
00
18

±
0:
00
01

6/
9

11
/9

17
.3

π
±

11
1
±
8/
11
3
±
10

18
0
±
9/
19
0
±
8

0:
76

±
0:
01
/0
:7
9
±
0:
01

12
8
±
8/
12
9
±
10

0:
16

±
0:
01
/0
:1
3
±
0:
01

1/
8

1/
19

K
±

13
0
±
6/
13
8
±
6

−/
−

1/
1

13
0
±
6/
13
8
±
6

0:
01
5
±
0:
00
1/
0:
01
0
±
0:
00
1

2/
2

8/
8

p/
� p

15
0
±
10
/1
28

±
12

−/
−

1/
1

50
±
10
/1
28

±
12

0:
01
5
±
0:
00
1/
0:
00
34

±
0:
00
01

2/
4

8/
8

P
H
E
N
IX

62
.4

π
±

11
8
±
5/
11
3
±
4

24
0
±
4/
22
9
±
4

0:
82

±
0:
01
/0
:8
1
±
0:
01

14
0
±
5/
13
5
±
4

17
:2
1
±
3:
00
/1
8:
40

±
5:
00

14
/2
5

22
/2
2

K
±

14
7
±
6/
14
9
±
5

28
4
±
6/
27
8
±
5

0:
76

±
0:
01
/0
:7
8
±
0:
01

18
0
±
6/
17
7
±
5

1:
84

±
0:
50
/1
:5
8
±
0:
40

5/
2

12
/1
2

p/
� p

16
1
±
10
/1
63

±
12

28
3
±
4/
27
8
±
5

0:
80

±
0:
00
/0
:8
1
±
0:
01

18
2
±
10
/1
85

±
11

1:
05

±
0:
40
/0
:5
7
±
0:
03

12
/1
4

23
/2
3

20
0

π
±

11
7
±
5/
11
5
±
5

27
8
±
5/
27
3
±
5

0:
85

±
0:
00
/0
:8
2
±
0:
01

14
1
±
5/
14
5
±
5

25
:2
6
±
5:
00
/2
2:
61

±
3:
00

10
1/
83

23
/2
3

K
±

15
1
±
4/
14
9
±
5

30
3
±
8/
30
1
±
5

0:
72

±
0:
01
/0
:7
2
±
0:
01

19
3
±
4/
19
2
±
5

2:
78

±
0:
40
/2
:7
6
±
0:
70

10
/7

12
/1
2

p/
� p

16
2
±
5/
16
0
±
6

31
6
±
7/
31
2
±
5

0:
73

±
0:
00
/0
:7
6
±
0:
00

20
4
±
5/
19
7
±
6

1:
23

±
0:
20
/1
:0
9
±
0:
10

10
8/
91

30
/3
0

C
M
S

90
0

π
±

11
5
±
4/
11
7
±
5

26
4
±
5/
27
0
±
6

0:
68

±
0:
01
/0
:6
8
±
0:
01

16
3
±
4/
16
5
±
5

3:
76

±
0:
50
/3
:7
0
±
0:
50

13
/1
2

18
/1
8

K
±

15
6
±
6/
15
4
±
6

34
3
±
10
/3
40

±
10

0:
59

±
0:
01
/0
:5
8
±
0:
01

23
3
±
6/
23
2
±
6

0:
47

±
0:
03
/0
:4
6
±
0:
03

4/
6

13
/1
3

p/
� p

17
7
±
6/
17
7
±
5

33
1
±
9/
32
8
±
8

0:
55

±
0:
01
/0
:5
6
±
0:
01

24
6
±
6/
24
3
±
5

0:
21

±
0:
02
/0
:2
0
±
0:
01

19
/1
7

23
/2
3

27
60

π
±

11
6
±
3/
11
6
±
4

27
5
±
5/
28
1
±
5

0:
64

±
0:
01
/0
:6
5
±
0:
01

17
3
±
3/
17
4
±
4

4:
68

±
0:
90
/4
:6
0
±
0:
80

19
/1
4

18
/1
8

K
±

16
5
±
7/
16
4
±
8

35
1
±
9/
35
0
±
9

0:
56

±
0:
01
/0
:5
6
±
0:
01

24
7
±
7/
24
6
±
8

0:
60

±
0:
03
/0
:5
9
±
0:
03

5/
10

13
/1
3

p/
� p

18
2
±
6/
18
3
±
7

40
6
±
8/
39
2
±
7

0:
54

±
0:
01
/0
:5
5
±
0:
01

28
5
±
6/
27
7
±
7

0:
27

±
0:
01
/0
:2
6
±
0:
01

28
/3
2

23
/2
3

70
00

π
±

11
6
±
4/
11
5
±
4

29
2
±
5/
28
8
±
4

0:
63

±
0:
02
/0
:6
2
±
0:
01

18
1
±
4/
18
1
±
4

5:
82

±
0:
80
/5
:7
6
±
0:
80

34
/2
2

18
/1
8

K
±

17
8
±
6/
17
5
±
6

42
0
±
10
/3
93

±
10

0:
59

±
0:
02
/0
:5
6
±
0:
02

27
7
±
6/
27
1
±
6

0:
76

±
0:
03
/0
:7
5
±
0:
03

3/
8

13
/1
3

p/
� p

21
7
±
7/
20
2
±
7

42
9
±
9/
43
0
±
9

0:
57

±
0:
02
/0
:5
3
±
0:
01

30
8
±
7/
30
9
±
7

0:
34

±
0:
02
/0
:3
3
±
0:
02

28
/2
2

23
/2
3

13
00
0

π
±

11
4
±
4/
11
4
±
6

30
0
±
5/
29
1
±
6

0:
61

±
0:
01
/0
:6
0
±
0:
01

18
7
±
4/
18
5
±
6

5:
46

±
0:
70
/5
:3
8
±
0:
60

9/
10

18
/1
8

K
±

18
0
±
10
/1
80

±
10

36
0
±
12
/3
83

±
12

0:
59

±
0:
01
/0
:6
0
±
0:
01

25
4
±
10
/2
61

±
10

0:
65

±
0:
03
/0
:6
5
±
0:
03

3/
2

13
/1
3

p/
� p

22
9
±
10
/2
31

±
11

42
5
±
3/
42
5
±
9

0:
63

±
0:
01
/0
:6
2
±
0:
01

30
2
±
10
/3
05

±
10

0:
30

±
0:
02
/0
:2
9
±
0:
02

25
/1
9

22
/2
2

15Advances in High Energy Physics



We are not inclined to fit simultaneously the spectra of differ-
ent particles. Conversely, we use different T for different
spectra in this paper.

Figures 5(a) and 5(b) (Figures 5(c) and 5(d)) are similar
to Figures 4(a) and 4(b), respectively, but they are showing
the excitation functions of T0 (βT) and hT0i (hβTi).
Figures 6(a) and 6(b) are also similar to Figures 4(a) and
4(b), respectively, but they are showing the excitation func-
tions of Ti and hTii. One can see that T0, hT0i, βT , hβTi, Ti
, and hTii increase with the increase of ln ð ffiffiffiffiffiffiffiffi

sNN
p Þ [ln ð ffiffi

s
p Þ]

in general, and T0 for pion emission and hT0i appears in
the trend of saturation at the RHIC and LHC. Meanwhile,
T0, hT0i, Ti, and hTii increase, and βT and hβTi decrease,
with the increase of the particle mass.

It is regretful that some particles are absent in experimen-
tal measurements at the energies below 10GeV. This renders
that hTi, hT0i, hβTi, and hTii are not available in the energy
range of several GeV. From the trends of available T, T0, βT ,
and Ti, we may estimate that hTi, hT0i, hβTi, and hTii
increase (quickly) with the increase of ln ð ffiffiffiffiffiffiffiffi

sNN
p Þ [ln ð ffiffi

s
p Þ]

in the energy range of several GeV. In particular, some excita-
tion functions show little peak around 10GeV, which should
be studied further in future. Meanwhile, we hope to obtain
more data in the energy range of several GeV in future.

It should be noted that since empirical Equation (18) is
essential for obtaining the energy dependence of T0 and βT ,
it seems that one can obtain arbitrary results by choosing
another parametrization of k0. In particular, it seems possibly
to choose a parametrization of k0 so that π+ (π−), K+ (K−),
and p (�p) could have similar T0 and βT even though the com-
bined temperature T (in Figure 4) for these particles are quite

different. This case corresponds to the a single scenario for
kinetic freeze-out, which is not consistent with two or multi-
ple scenarios observed in other studies [63–66]. We are
inclined to use multiple scenarios [67] due to a more accurate
fit to the wider pT spectra. To coordinate the single and mul-
tiple scenarios, we may regard the multiple scenarios as a
refined situation of the single scenario, which will be dis-
cussed later in detail.

The trends of excitation functions render that the col-
lision system undergoes different evolution processes.
From several GeV to about 10GeV, the violent degree
of collisions increases with the increasing of the energy
and matter density of the collision system. The hadronic
matter in the collision system stays at a state with an
ever higher density and temperature. At about 10GeV,
the energy and matter density of the collision system
reaches to a high value. The temperature is also high,
which is needed to come into notice. At above 10GeV,
the energy and matter density of the collision system
reaches to a higher value. The temperature is also higher.
However, because the phase transition from hadronic
matter to QGP had happened possibly, the temperature
is limited, which results in the levels of T0 for pion emis-
sion and hT0i had stabilized.

Before summary and conclusions, we would like to point
out that we have used a newmethod to extract T0, βT , and Ti.
After fitting the pT (mT) spectra by using the two-component
standard distribution Equations (6) or (7) in which the free
parameters are the effective temperatures T1 and T2 and
the contribution fraction k of the first component, the
derived parameter, the effective temperature T , can be
obtained from the weighted average formula Equation (8).
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Figure 4: Excitation functions of T and hTi in (a) central Au-Au (Pb-Pb) collisions and (b) INEL pp collisions. The symbols corresponding to
identified particles are extracted from experimental spectra, where the symbols with small size are used for Pb-Pb collisions.
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Then, the derived parameters, the kinetic freeze-out temper-
ature T0, and transverse flow velocity βT , can be obtained,
respectively, from Equations (16) and (17) which are related
to the mean transverse momentum hpTi. The derived param-
eter, the initial temperature Ti, can be obtained from Equa-
tion (29) which is related to the root-mean-square

ffiffiffiffiffiffiffiffiffihp2Ti
p

.
According to the analysis of the spectra of six hadron spe-

cies listed in Tables 1 and 2, one can see that pions, kaons,
and (anti)protons correspond to different temperatures of

emission source. This shows a mass-dependent multiple sce-
nario for kinetic freeze-out. Moreover, in AA collisions at
energies below the LHC, charged pions can be redistributed
between two sources; one is hot and another is cold, while
kaons and (anti)protons are located in single (hot) sources
(though with different temperatures) in most cases. This is
understandable. That charged pions come from resonance
decays contribute a relative large fraction in the low-pT
region, which can be described by the first component in
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Figure 5: Same as Figure 4 but showing the excitation functions of (a) and (b) T0 and hT0i, as well as (c) and (d) βT and hβTi.
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Equation (6) or (7). Some low-pT pions from nonresonance
decay can be also described by the first component. As an
ensemble, Equation (1) describes the cold source with low
T for all low-pT pions. However, the resonance decays for
kaons and (anti)protons are relatively small comparing to
those for pions in the low-pT region, which are concealed
in a single source.

Naturally, if we regard hTi, hT0i, hβTi, and hTii as
common quantities corresponding to emissions of various
hadron species, we may use the mass-independent single
scenario for kinetic freeze-out and other system evolution
stages such as chemical freeze-out and initial state. It is
contentious that the mass-independent single scenario or
mass-dependent multiple scenario is right due to different
physics thinkings. In our opinion, the mass-independent
single scenario is a very ideal situation which is similar
to the equilibrium state of mixture gas. And the mass-
dependent multiple scenario describes a refined emission
process which “shows massive particles coming out of
the system earlier in time with smaller radial flow veloci-
ties, which is hydrodynamic behavior” [68]. The tempera-
tures discussed in this paper reflect mainly the kinetic
energies of various hadron species but do not have cer-
tainly the statistical sense.

We note that, in the mass-dependent multiple scenario
for kinetic freeze-out (Figures 4 and 5), the obtained temper-
ature for proton emission is much larger than that for pion
emission. This reflects that protons coming out of the system
is much earlier than pions due to much larger mass of proton
comparing to pion. This phenomenon is a hydrodynamic
behavior [68], in which massive particles are early left behind

in the evolution process of the collision system. In other
words, massive particles are not emitted from the system
on their own initiative due to high T0 but are left behind
under compulsion due to low βT and large m0. In fact, some
protons which existed in projectile and target nuclei appear
in rapidity space as leading protons outside the fireball. This
issue also results in protons coming out of the system to be
earlier than pions.

Because T0 and βT are model dependent, this paper is
different from Figures 37 and 39 in Ref. [32], though this
paper is less model dependent and Ref. [32] is much model
dependent. In Ref. [32], a flow velocity profile parameter n
is used in the extraction of T0 and βT . The parameter n can
be largely changed from 0 to 2 in AA collisions and above 4
in pp collisions, which is mutable and debatable. The pion
spectra in the low-pT region (<0:5 GeV/c) are excluded from
the fit [32] due to resonance decay, which overrates T0 and
βT . Our work shows that T0 (βT) in pp collisions is slightly
smaller than (almost equal to) those in AA collisions, which
is in agreement with our recent work [12] in which the inter-
cept in the linear relation of T versus m0 is regarded as T0
and the slope in the linear relation of hpTi versus m0�γ is
regarded as βT . This result is understandable due to similar
collective behavior as in AA collisions appearing in pp colli-
sions [10].

We would like to emphasize that this paper is a data-
driven reanalysis based on some physics considerations,
but not a simple fit to the data. From the data-driven
reanalysis, the excitation functions of some quantities such
as the effective temperature T and its weighted average hTi,
the kinetic freeze-out temperature T0 and its weighted
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Figure 6: Same as Figure 4 but showing the excitation functions of Ti and hTii.
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average hT0i, the transverse flow velocity βT and its
weighted average hβTi, and the initial temperature Ti and
its weighted average hTii have been obtained. These excita-
tion functions have shown some obvious laws with the
increase of collision energy.

In the above discussions, to obtain �γ then βT , we have
used the MC method. Figures 5(c) and 5(d) are a direct
result by the MC method. As a statistical model is imple-
mented for Figures 1–3, we can also obtain the curves by
Equation (19), which is in terms of the MC method. In
fact, in the calculation by the MC method, after the shuf-
fled treatment due to the randomicity by the Matlab code,
we can obtain a lot of “simulated data”. Then, we may
count them in different pT (mT −m0) bins and obtain sim-
ilar or the same results to the curves in Figures 1–3. In
case in the event that the numbers are being not too large,
we shall observe fluctuations around the curves. As an
example, for K+ spectra in Figures 1(a)–1(f), the dotted
curves and crosses represent the MC results with high
and low statistics, respectively. The two results from the
analytical function and MC method confirmed each other.

4. Summary and Conclusion

We summarize here our main observations and conclusions.

(a) The transverse momentum or mass spectra of π+, π−,
K+, K−, p, and �p at mid-y or mid-η produced in cen-
tral Au-Au (Pb-Pb) collisions over an energy range
from 2.7 to 200 (6.3 to 2760) GeV have been analyzed
in this work. Meanwhile, the spectra in INEL pp col-
lisions over an energy range from 6.3 to 13000GeV
have also been analyzed. In most cases, the experi-
mental data measured by the E866, E895, E802,
NA49, NA61/SHINE, STAR, PHENIX, ALICE, and
CMS Collaborations are approximately fitted by the
(two-component) standard distribution in which
the temperature concept is the closest to the ideal
gas model.

(b) The effective temperature and its excitation function
are obtained from the transverse momentum or mass
spectra of identified particles produced in collisions
at high energies. The kinetic freeze-out temperature
and transverse flow velocity and their excitation
functions are extracted from the formulas related to
the average transverse momentum, which is based
on the multisource thermal model. The initial tem-
perature and its excitation function are extracted
from the formula related to the root-mean-square
transverse momentum, which is based on the color
string percolation model.

(c) With the increase of collision energy, the four derived
parameters and each average increase (quickly) from
a few GeV to about 10GeV, then increases slowly
after 10GeV. In particular, the kinetic freeze-out
temperature for pion emission and its average finally
appear at the trend of saturation at the RHIC and
LHC. Meanwhile, the three derived temperatures

increase and the derived transverse flow velocity
decrease with the increase of particle mass, which
result in a mass-dependent multiple scenario for
kinetic freeze-out and other system evolution stages
such as chemical freeze-out and initial state.
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