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In this paper, we examine a nonlinear fractional diffusion equation containing viscosity terms with derivative in the sense of
Caputo-Fabrizio. First, we establish the local existence and uniqueness of lightweight solutions under some assumptions about
the input data. Then, we get the global solution using some new techniques. Our main idea is to combine theories of Banach’s
fixed point theorem, Hilbert scale theory of space, and some Sobolev embedding.

1. Introduction

The fractional calculation has a long history and plays an
important role in the simulation of physical phenomena or
real life, for example, mechanics, electricity, chemistry, biol-
ogy, economics, notably control theory, and images. It should
be noted that the standard mathematical models of integer
derivatives, including nonlinear models, do not work fully
in many cases. Therefore, the advent of fractional calculus
was significant in modeling physical and engineering pro-
cesses, and it can be said that it is one of the best descriptors
using fractional differential equations. In a series of research
directions on fractional differential equations (FDE), the
most prominent is the appearance of two derivatives: Caputo
derivative and Riemann-Liouville derivative. Some works are
attracting the attention of the community, like Debbouche
and his group [1-3], Karapinar et al. [4-11], Inc and his
group [12-16], Tuan and his group [17-20], and the refer-
ences as follows: [21-23].

In this paper, we consider the fractional Sobolev equation:

ceDfu=Au + G(u) + J.tl;/(t -2)K(u(z))dz, (x,t) € M x (0, T),

u=0,(x,t) €0l x(0,T),
u(x,0) = u0(x),

(1)

where ;D¢ is the Caputo-Fabrizio operator for fractional
derivatives of order a which is defined as (see [24])

dv, fort=0, (2)

D)= 12 [ 9t S

-a ), v

where we denote by the kernel 9,(z) = exp (—(a/(1 - ))z)
and H(«) satisfies H(0) = H(1) =1 (see, e.g., [25, 26]).
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The Caputo-Fabrizio fractional derivative was presented
in 2015 [25] with the aim of avoiding singular kernels. It is
also the convolution of the exponential function and the
first-order derivative. The Caputo-Fabrizio fraction deriva-
tive is an operator that has been widely applied to several
derivative modes in many fields, such as biology, physics,
control systems, materials science, dynamics, and liquid
learning [27-32].

Our main aim in this paper is to provide the local and
global existence for problem (1) under some various assump-
tions on the input data. The difficulty in studying this prob-
lem is from the memory viscoelastic model appearing in the
main equation. This term makes some of the assessments
more complicated. Another difficulty is the study of the exis-
tence of global solutions. The topic of the existence of global
solutions is still challenging for many mathematicians today.
In the paper, we have to use a new norm in weighted space,
thanks to the work of [33], to establish the global solution.
The two main results in the paper are shown as follows:

(i) The first result is related to the existence of local solu-
tions. The main technique is to apply Banach’s fixed
point theorem

(ii) The second result is very interesting, proving the
existence of a global solution. To do this, we have to
thank a lemma in [33], where we have chosen suit-
able assumptions for functions G and K, to obtain
our purpose

The paper is organized as follows. In Section 2, we give
preliminaries which are useful for the next results. Section 3
shows the local existence results. In Section 4, we provide
global existence results.

2. Preliminaries

We recall the Hilbert scale space, which is given as follows:
H%m=%fﬂ%%2%ﬁwi%m%>6)
n=1

for any r > 0. Here, the symbol (;, -);>, denotes the inner

product in L*(/). It is well known that #” (/) is a Hilbert
space corresponding to the following norm:

i ZN

H(Q)=D((-L)") is a Hilbert space. Then, D((-L)™") is
a Hilbert space with the norm:

(zw w) G

where (-, - ) in the latter equality denotes the duality between

D((-L)™) and D((-L)").

£ fex' (). (4)

Lz(.ﬂ)’

Il (1)

Advances in Mathematical Physics

Definition 1. The function v is called a mild solution of
problem (1) if it satisfies that

0(t) = P, (t)up + Jt P, (t-1)G(0(1))dr
o (6)
+ J Pa(t - T)J w(r - E)K(G(E))d{dr,

0 0

where P, (t) is defined by

B 4 —-al, _
P, (Hw=(1+aA,)” exp (1 Yo t) (w, en>Lz(/%)en(x), o
=1-aq,
(7)
for any w € L*(4).

Lemma 1. Let 0 € H' (M) N H>?P (). Then,

1P ()0 w2y + Coapt P10]

H (M

1< Crapt P[] H2% ()

(8)
forany 0< B<1.
Proof. By the definitions of the norm in H"(.#) and using the

inequality e < C — By~F for 8 > 0, we get the following con-
firmation:

_ © r — -2 —Z(XAW
IPa()0ll 11 (.ar) = \/Z Ay (1+ad,)™ exp (1 T, t) CAC >LZ(//Z)

n=1
2N\
) ) (0.e )LZ(/%)

<Cy(1-a)'t? ZA”(

Since 0 < 8 < 1, we know that
_ 2 —a)? B _ 2B
1+ (1-a)A, < (I-«a) +L < (I-«a) .
al, o? a2\ azh

This follows from (9) that

-1,- (1 _“)[3 < r—
”Pa(t)eHH'(.ﬂ) < Cﬁ(l - 06) 1t /37 ;An 2<0’ en>]%2(ﬂ)

+Cy(1- a)-laﬁtﬁ\/ DA e

n=1

< Crapt 11612 () + Coapt P 16N -2 )

(11)

d
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3. Local Existence Results

In this section, we give the following theorem which shows
the local existence result.

Theorem 1. Let the two functions G and K be

||G(91) - G(Gz) ||L2<M) = BG”eI - 92||L2(/%)’

(12)
IK(81) = K(O2) | 200) < BxllO1 = 02l 2.

for constants Bg, By > 0. Let us assume that there exists §
such that

ly(z)| <D27°,8< 1. (13)

Let uy € HP=2( M) 0 HP=>72P (). Then, problem (1) has
a local mild solution:

ueLy (0, T;H (M), (14)
where
0<pB<9<1,0<p<2 (15)

Proof. Let the function & be as follows:

t

FO(t) =P, (t)uy + J P (t-1)G(0(7))dr

+ [0 wie-oxewazar 1

0 0

=P, (t)uy + & 0(1) + B,0(t).

Step 1. Estimate ||,0, — &6, || for any 6,,0, that
belongs to the space HP (/).
From the definition of g, as in (16), we find that

t

15,0, - %ﬂszw) = HJOPa(t - T)G(GI(T))dT—j P, (t—1)G(0,(7))dr

0

HP ()

t
0

< él,a,ﬁj (£ =) PG(6,(7)) = GO(T) = a7
+ Cz,a,ﬁj()(t—r)*"ncwl (7)) = GO(7)) | sy -
(17)

Since p <2, we know the Sobolev embedding L*(.%)°
HP2(M), and so we get

[G(6,(7)) - G(GZ(T))HHP’Z(/%) <G [|G(6,(1)) - G(6,(7)) 2

< CBg|0,(7) = 0,(7) | 2 ar)>

1G(6,(7)) = G(6,(7)) HHP’Z’ZE(//Z) <CpllG(6,(7)) - G(QZ(T))HLZ(/%)

< CpBl|01(7) = 02 (7)1 12

(18)

From two above observations, we deduce that

t
£ %16, - 316, i) < (CrapCiBg + Cz,a,,@C1BK)t9J (t=7)F|6,(r)
0
=0, (D)l

t
< Copagt’| (1= 201(0) 0,0
0
t
<Cspapt’ ( J (- T)fﬁT-SdT) 18, = 6.0 )
= Cs,p,zx,ﬁtliﬁB(l -B1-9)0, - QZHLgo(o,T;HP(ﬂ))

<CipapT PB(1-B,1-9)[|6, - Ol 10 0,750 a0y

(19)

Because the right side of the above expression does not
depend on ¢, we have the following assertion:

15,6, - %IGZHL‘;’(O,T;HP(//Z))
B Cs,p,a,ﬁTliﬁB(l -B1-9)]6, - 92||Lg°(0,T;HP(/%))'
(20)
Step 2. Estimate ||F,0, — $,0, || for any 6,,0, that

belongs to the space HP ().
From the definition of % as in (16), we find that

13261 = 32021 ) =

[[Ptt=0)[ wis- o6, @)atas

- [ Rute =0 wir- oK.

0

HP (M)
< Cl,rx,ﬁj;(t - T)’ﬁ"J;w(T - &§)K(6,(8))dE

dr
HP2 ()

- Ew—&)K(ez(z))ds

t

+ Cz,zx,ﬁJ (t-1)F

0

ﬂwr—s)K(el(&))dz

dr.
HP 2R ()

—jrw—aK(ez(s))df

0

(21)
It is easy to see that

T

jrw(r—amel(&))df—Lw(r—&K(exf))d&

0

Cl,oc,ﬁ

HP (M)

< Cl,a,ﬁcchgjow —8)216,(8) ~ (&) |y 8
< Cl,a,ﬁclBGn@jO(r —8)°E7°86,(8) = 0,(8) 2 a8

< C1,a,ﬁC13G9 (J (- f)_55_9d5> 16, — 05|
0
= Cy,3CiB27 " 'B(1-6,1-9)|16, -6, Iz

L (O.TSHP ()

0.THP (L))"
(22)



By a similar way as above, we also obtain that

dr
HP228 (1)

Cz,a,ﬁj;(t—r)*ﬁHj:w—E)K(el (©)d - [ wir- K068

< CpopCipBc 27 °*B(1-8,1-9)||6,

-6, ”L;O(O,T;HP(M))'

(23)

t9||%291 - %292”}11’(/%) = C3B(1 -0,1- S)B(l -p2-06- 9)f2_ﬁ_8\|91 - 62”L;°(0,T;Hl’(/%))
<C;B(1-8,1-9)B(1-B,2-8-9)T* P29, - 02l 00,1t

where

C3 = Cl,a,ﬁclBG@ + CZ,a,ﬁCL,BBKg' (25)
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From two recent observations and noting that f+§ < 2,
we find that

(24)
()

Due to the right hand side of (24) being independent of ¢,
we can deduce that

13,0, - %262||L§°(0,T;HP(//Z)) <CB(1-06,1-9)B(1-B,2-5-9) T27ﬁ78||91 - 92||Lg°(o,T;HP(/ﬂ>)- (26)

Combining (20) and (26), we derive that

1386, - 30,

L(O0,T5HP (1)) S 1510, - %192HL§°(0,T;HP(/%))
+|8:0, — 820, |L§°(0,T:H"(//l))
<Cypop T PB(1-B,1-9)(|6,

- eZ”L‘;"(O,T;HP(/%»

+CB(1-8,1-9)B(1-$,2-8

-9 1*F2)0, -0, 50013820 )
(27)

Moreover, by applying Lemma 1 and noting that 9 > 3,
we can confirm the following results:

9 (¢ - C -
IR0ty < (Crast 0y + Compt il =250
_ 9 =, 9-
< Cyapt ﬁHuO”Hﬂ’Z(/%) + Coapt ﬂHMOHHP’Z’Z"(f”)
_ 9- = 9—
< CoagT Py + Coap T Pl

(28)

d

4. Global Existence Results under a Global
Lipschitz Case

In this section, we derive the global results under the assump-
tion of the nonlinear source function F, a global Lipschitz.

Let F and g satisfy that

1G(u) = E(v)]

H;(/ﬂ)SLg|\u—vHHq(/%>,1SSSq, (29)

K (1) = K(v)|

ey STl = Vil o 1 <556, (30)

where K, K, are postive constants. Our results in this

section are to present the well-posedness of the problem.
Let v>0 and g > 1. In order to establish the existence of the
mild solution, we need to define the following space:

X ((0, T]s HI(M)) = {f Fll X [0, T) — R = %™ [ |w(-of) | o
<oo,t € [0, T]},
(31)
associated with the following norm:

d —mt
. =supte
Hf”Xd,m((O,T],H”I(/%)) o

1wt 1) (32)

Let us provide the following results that will be valuable
in justifying our key results. We can find and view it in
Lemma 8 of [33] (page 9).

Lemma 2. Let ¢> -1, d> —1 such that c+d>-1, h> 0 and
t € [0, T). For &> 0, the following limit holds:

E00 \ tef0,T]

1
lim ( sup thJ (1 - T)de_”(l_r)dr> =0. (33)
0
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Now, we are in the position to introduce the main contri-
butions of this work. Our main results address the global exis-
tence of the mild solution.

Theorem 2. Let 0 < a < 1. Let us assume that
0(1)] < Cot™°. (34)

Let u, € HI22P () 0 HI2(M). Then, there exists a pos-
itive number m, such that problem (1) has a unique solution
in Xy, ((0, T); HI(M)). Here, B, d, S satisfy that

0<B<d<Lp+d<L,B+6<2,6<1. (35)

Proof. Let the function & :X,,((0,T];HY(M))—
X, ((0, T];HI(AM)) be as follows:

t

(1) = P, )y + j P, (t - 7)G(0())dr
o [Rut=0)[ ve-ore@)azar

0

=Py (t)uy +3,0(1) + F0(1).
First, we have the following observation:

1P (8)tho| p1aar) < él,a,ﬁfﬁ”“onmﬁ(/fz) + Cz,a,ﬁfBHMOHH’TZ’Zﬁ(Jﬂ)'
(37)

By multiplying the two sides of the above
inequality by t?e™ and noting that e <1, one has

d - A d
t%e™ [Py (t)ttg | a1y < Ch et B||“o||m*2(/%) (38)

_ o
+ Gy pt ﬁ””o ||H'H*2ﬁ(//z)-

Noting that d>f, we deduce that if u,e H1 2%
(M)NHI2(M), then the following holds:

Py (t)ug € Xym((0, T]s H(AL)). (39)

Take two functions 0,0, €X;, ((0,T]; HI(/)).
First, we need to derive the estimation for the term:

t

| 2= 6@ @) - | 26O

0 0

(1=

Using Lemma 1 and Sobolev embedding H* ()
HT2(M) and H*(M)'HI>2P( M) (since s>q-2), we
arrive at

t

[[utt= 6@, - [ Pute =G0

0 0

()=

H(.1)
t
< Crag (1= 1G(01 () = GO e
t

Cong ] (=P IGOL(E) = GO e

< (Cuag  Cang) | (£ =) P1GO,(2) =GOy

(41)
Since the assumption (29), we know that
t —
| (6= 271G, () - GO, e
t
<1, [ (E=0)710,0) 0.0
t
=L, (Jo(t - T)_ﬁT_demr> 161 = Iy, . (o.17519 ()
(42)
Combining (40) and (41), we find that
t t
themt J Pa(t—T)G(Gl(T))dT—J P, (t-1)G(0,(7))dr
0 0 H(M)

< (Cl)a)ﬁ + Cz)a’ﬁ)Lgtd

t
X <J (t- T)fﬁT_de_m(t_T)dT) 16, = 92deym<(o,ﬂ;1~ﬂ(/%))

0
B (61")‘7;; + Cz)a)ﬁ)Lgtliﬁ

1
X <J (1- f)fﬁffde_mt“_adf) 161 =0:lx, . (o175t ()

(43)

where we have used the fact that

t 1
tdj (t—7) Prdemt-Ndr = tl_ﬁj (1-&)Pedem-ge,
0 0

(44)

Let us continue to treat the term. First, we need
to derive the estimation for the term:

[[putt=o)[ wis-oi6,@atas

0

(m)-|

t . (45)
—j Pa<t—r>j Y(r - E)K(0,(E))dédr

0 0

Hi(A)

Using Lemma 1 and Sobolev embedding H*(.#)°
HT2(M) and H(M)'HI>2P( M) (since s>q-2), we
get the following bound:



Hi(.«)

t
< CWJ (t-1)F
0

J;w—f)K(el(s»ds

- JTV/(T—E)K(@z(E))dE dr

HI2(40)

t
+ Cz,aﬁj (t-1)F
0

j;w—&)K(el(f))ds

dt
HI22R ()

ﬂwr—fﬂ«el(s»ds

- ﬁ(r—f)K(ez(e»de

0

< (Cw + Cw) J;(t —7)F
- ﬁ(r —E)K(0,(8))de

0

dr.
H' (M)

(46)

Using the Lipschitz property of K, we know that

JTW(T—E) (6, (8))de - j y(r - E)K(8,(8))de

H(M)

<C

ot (7=8)101(8) = 03(8)
kj —5E demEEde mE”e()

0

'-{O

(QHH%(/%)dE

<C Lk( 0(7—5)7 fli@%zdf) 16 _QZHXd’m((O,T];H’f(/%))'
(47)
It is obvious to see that
’ Sp-d_mE mr op-d
T-— emdé<e T-— d
[r-gyoe e sem | (r-gy e iar "
= e’”TTI_‘S_dB(l -46,1-4d).

This implies that the following estimation is for
the integral term on the right hand side of (45):

J (t-r)F fw(r— EYK(6,(E))dE - er(r —EK(0,(8) dr
0 0 0 HI(M)
< CoLB(1-6,1-d)
o (L(t e emrdf) [ [p———
(49)
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This implies that

e Jtm » [Twr ~OK(6,(8))dgdr

0 Jo

- J;Pa(t - 1) J “w(r — E)K (0, (&) dedr

0

HI(A)

t
< C3td (L(t _ T)‘ﬁrlf&de*m(‘*f)dr) 16, -6 ||x (OTHHI)

1
= c3t2-HJ (1

(=g L6, 8, oy

(50)
where we note that

C,= (CW + éz,a,ﬁ) CoLB(1-8,1-d),

t 1
tdj (t—-r)’ﬁrl*a*de*m<*‘7dr::tz*ﬂ*éj (1

0 0

_ E)—ﬁfl—d—(se—mt(lff) ds

(51)

Combining (42) and (49), we obtain the following
bound:

< et

the™ |30, (1) - 805 (1) | s )

J;Pa(t - T)G(GI(T))dT
—j;Paa—r)G(ez(r))dr

Hi(A)

+dem

j;Paa—r)ﬂw(r—@K(el(s))dsdr
—J';Pau—r)ﬂw(r—f)K(@(E»dﬁdr

HA()

< (Claﬁ+62aﬁ>l‘ P

(j (-8 Fgde '"”fd«f)ne Oyl omma

+ cf*“j (1

0

~ E),ﬁgpd—aefmt(lff)dfHQI - 92||x,

w((OTLHI ()"

(52)

From the condition (34), we can verify the fol-
lowing condition:

1-3>0,
—B>-1,-d>-1,--d>-1,
B B (53)
p+06<2,
1-d-6>-1, —f+1-d-8>-1.
By wusing Lemma 2, we have two statements

immediately:



Advances in Mathematical Physics

1
lim ( sup t17F <J (1- E)_ﬁf_de_”’t(l_g)dﬁ>> =0,
m—00 \ te[0,7] 0

1
lim ( sup tz_ﬁ_‘sj (1- E)Bfld‘se_’”t(l_g)ﬁ) =0.

Mm=—00 \ te[0,T] 0

(54)

From the last two observations, we can find that
the positive number m, such that

1
(Cl,a,ﬁ + Cz,a,ﬁ)Lgt1*5 (J (1- 5)—ﬁ5—demt(1z)d£>
0

1
+ catz‘MJ (1-§) Fg om0 g
0

(55)

is less than 1. By applying the Banach fixed point
theorem, we know that problem (1) has a unique
solution in X, ((0, T]; HI(4)). 0

5. Conclusion

The result of the paper is one of the first works on the topic of
memory for equations with Caputo-Fabrizio derivatives. We
obtain the following results: first, prove the existence of local
solutions. The second is a survey of the global solution. The
main technique is to use the Banach fixed point theorem in
combination with Sobolev embeddings.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no competing interests.

Authors’ Contributions

All authors contributed equally and significantly in writing
this paper. Four authors read and approved the final
manuscript.

Acknowledgments

This research is supported by the Industrial University of Ho
Chi Minh City (IUH) under grant number 66/HD-DHCN.

References

[1] J. Manimaran, L. Shangerganesh, and A. Debbouche, “Finite
element error analysis of a time-fractional nonlocal diffusion
equation with the Dirichlet energy,” Journal of Computational
and Applied Mathematics, vol. 382, article 113066, p. 11, 2021.

[2] J. Manimaran, L. Shangerganesh, and A. Debbouche, “A time-
fractional competition ecological model with cross-diffusion,”
Mathematical Methods in the Applied Sciences, vol. 43, no. 8,
pp. 5197-5211, 2020.

[3] N. H. Tuan, A. Debbouche, and T. B. Ngoc, “Existence and
regularity of final value problems for time fractional wave
equations,” Computers & Mathematics with Applications,
vol. 78, no. 5, pp- 1396-1414, 2019.

[4] H. Afshari, S. Kalantari, and E. Karapinar, “Solution of fractional
differential equations via coupled fixed point,” Electronic Journal
of Differential Equations, vol. 2015, no. 286, pp. 1-12, 2015.

[5] S. D. Maharaj and M. Chaisi, “On the solution of a boundary
value problem associated with a fractional differential equa-
tion,” Mathematical Methods in the Applied Sciences, vol. 29,
no. 1, pp. 12-83, 2020.

[6] H. Afshari and E. Karapinar, “A discussion on the existence of
positive solutions of the boundary value problems via y-Hilfer
fractional derivative on b-metric spaces,” Advances in Differ-
ence Equations, vol. 2020, no. 1, Article ID 616, 2020.

[7] B. Algahtani, H. Aydi, Karapinar, and Rakocevi¢, “A solution
for Volterra fractional integral equations by hybrid contrac-
tions,” Mathematics, vol. 7, no. 8, p. 694, 2019.

[8] E. Karapinar, A. Fulga, M. Rashid, L. Shahid, and H. Aydi,
“Large contractions on quasi-metric spaces with an applica-
tion to nonlinear fractional differential equations,” Mathemat-
ics, vol. 7, no. 5, p. 444, 2019.

[9] A. Salim, B. Benchohra, E. Karapinar, and J. E. Lazreg, “Exis-
tence and Ulam stability for impulsive generalized Hilfer-
type fractional differential equations,” Advances in Difference
Equations, vol. 2020, no. 1, Article ID 601, 2020.

[10] E. Karapinar, T. Abdeljawad, and F. Jarad, “Applying new
fixed point theorems on fractional and ordinary differential
equations,” Advances in Difference Equations, vol. 2019,
no. 1, Article ID 421, 2019.

[11] A. Abdeljawad, R. P. Agarwal, E. Karapinar, and P. S. Kumari,
“Solutions of the nonlinear integral equation and fractional
differential equation using the technique of a fixed point with
a numerical experiment in extended b-metric space,” Symme-
try, vol. 11, no. 5, p. 686, 2019.

[12] A. Yusuf, B. Acay, U. T. Mustapha, M. Inc, and D. Baleanu,
“Mathematical modeling of pine wilt disease with Caputo frac-
tional operator,” Chaos, Solitons and Fractals, vol. 143, article
110569, p. 13, 2021.

[13] B. Acay and M. Inc, “Fractional modeling of temperature
dynamics of a building with singular kernels,” Chaos Solitons
Fractals, vol. 142, article 110482, p. 9, 2021.

[14] Z.Korpinar, M. Inc, and M. Bayram, “Theory and application
for the system of fractional Burger equations with Mittag Lef-
fler kernel,” Applied Mathematics and Computation, vol. 367,
article 124781, 2020.

[15] X.]. Yang, Y. Y. Feng, C. Cattani, and M. Inc, “Fundamental
solutions of anomalous diffusion equations with the decay
exponential kernel,” Mathematical Methods in the Applied Sci-
ences, vol. 42, no. 11, pp. 4054-4060, 2019.

[16] M. S. Hashemi, E. Darvishi, and M. Inc, “A geometric numer-
ical integration method for solving the Volterra integro-
differential equations,” International Journal of Computer
Mathematics, vol. 95, no. 8, pp. 1654-1665, 2018.

[17] N. H. Tuan, Y. Zhou, T. N. Thach, and N. H. Can, “Initial
inverse problem for the nonlinear fractional Rayleigh-Stokes
equation with random discrete data,” Commun. Nonlinear
Sci. Numer. Simul, vol. 78, article 104873, p. 18, 2019.

[18] N. H. Tuan, L. N. Huynh, T. B. Ngoc, and Y. Zhou, “On a
backward problem for nonlinear fractional diffusion equa-
tions,” Applied Mathematics Letters, vol. 92, pp. 76-84, 2019.



(19]

(20]

(21]

(22]

(23]

[24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

T. B. Ngoc, Y. Zhou, D. O’Regan, and N. H. Tuan, “On a ter-
minal value problem for pseudoparabolic equations involving
Riemann-Liouville fractional derivatives,” Applied Mathemat-
ics Letters, vol. 106, article 106373, p. 9, 2020.

H. T. Nguyen, H. C. Nguyen, R. Wang, and Y. Zhou, “Initial
value problem for fractional Volterra integro-differential equa-
tions with Caputo derivative,” Discrete & Continuous Dynam-
ical Systems-B, 2021.

B. Nghia, N. Luc, H. Binh, and L. D. Long, “Regularization
method for the problem of determining the source function
using integral conditions,” Advances in the Theory of Nonlin-
ear Analysis and its Application, vol. 5, no. 3, pp. 351-362,
2021.

N. Hung, H. Binh, N. Luc, L. D. Long, and L. O. Le Dinh, “Sto-
chastic sub-diffusion equation with conformable derivative
driven by standard Brownian motion,” Advances in the Theory
of Nonlinear Analysis and its Applications, vol. 5, no. 3,
pp. 287-299, 2021.

A. Ardjounia, “Asymptotic stability in Caputo-Hadamard
fractional dynamic equations,” Results in Nonlinear Analysis,
vol. 4, no. 2, pp. 77-86, 2021.

J. Losada and J. J. Nieto, “Properties of a new fractional deriv-
ative without singular kernel,” Progress in Fractional Differen-
tiation and Applications, vol. 1, no. 2, pp. 87-92, 2015.

M. Caputo and M. Fabrizio, “A new definition of fractional
derivative without singular kernel,” Progress in Fractional Dif-
ferentiation and Applications, vol. 1, no. 2, pp. 1-13, 2015.

M. Caputo and M. Fabrizio, “Applications of new time and
spatial fractional derivatives with exponential kernels,” Prog-
ress in Fractional Differentiation and Applications, vol. 2,
no. 1, pp. 1-11, 2016.

T. M. Atanackovi¢, S. Pilipovi¢, and D. Zorica, “Properties of
the Caputo-Fabrizio fractional derivative and its distributional
settings,” Fractional Calculus and Applied Analysis, vol. 21,
pp. 29-44, 2018.

M. Enelund and P. Olsson, “Damping described by fading
memory-analysis and application to fractional derivative
models,” International Journal of Solids and Structures,
vol. 36, no. 7, pp- 939-970, 1999.

J. Singh, “Analysis of fractional blood alcohol model with com-
posite fractional derivative,” Chaos, Solitons and Fractals,
vol. 140, article 110127, 2020.

J. Singh, D. Kumar, S. D. Purohit, A. M. Mishra, and M. Bohra,
“An efficient numerical approach for fractional multidimen-
sional diffusion equations with exponential memory,” Numer-
ical Methods for Partial Differential Equations, vol. 37, no. 2,
pp. 1631-1651, 2021.

N. D. Phuong, L. V. C. Hoan, E. Karapinar, J. Singh, H. D.
Binh, and N. H. Can, “Fractional order continuity of a time
semi-linear fractional diffusion-wave system,” Alexandria
Engineering Journal, vol. 59, no. 6, pp. 4959-4968, 2020.

J. Singh, D. Kumar, and D. Baleanu, “A new analysis of frac-
tional fish farm model associated with Mittag-Leftler-type ker-
nel,” International Journal of Biomathematics, vol. 13, no. 2,
article 2050010, 2020.

Y. Chen, H. Gao, M. Garrido-Atienza, and B. Schmalfuss, “Path-
wise solutions of SPDEs driven by Holder-continuous integra-
tors with exponent larger than 1/2 and random dynamical
systems,” Discrete and Continuous Dynamical Systems; - Series
A, vol. 34, no. 1, pp. 79-98, 2014.

Advances in Mathematical Physics



	On Fractional Diffusion Equation with Caputo-Fabrizio Derivative and Memory Term
	1. Introduction
	2. Preliminaries
	3. Local Existence Results
	4. Global Existence Results under a Global Lipschitz Case
	5. Conclusion
	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

