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1. Introduction

An octonion number a can be expressed as:

a =a, +aji +a,i, + a;iy + a,i, + agis + agig + a;i; (1)

where q,,---,a, arereal numbersand i, --,i, are imaginary units. Their mul-
tiplication is given in Table 1. Octonion algebra is an eight-dimensional,

non-commutative, non-associative and normed division algebra.

Table 1. Imaginary units multiplication.

ll lZ
i -1 [A —I, i —i, —i i

N —1 -1 A Iy i —i, =i

i, i =i -1 i —i, i -

DOI: 10.4236/am.2021.122006 Feb. 10, 2021 75 Applied Mathematics


https://www.scirp.org/journal/am
https://doi.org/10.4236/am.2021.122006
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/am.2021.122006
http://creativecommons.org/licenses/by/4.0/

W. E. Ahmed

Octonions have been used in many fields of mathematics, and they have many
applications, about octonions and their applications see [1] [2] [3], and [4] [5] to
take a historical overview.

In the matrix representation, an octonion @ can be represented by 8x8
real matrices. One form of these matrices is a matrix A (the left matrix represen-
tation) [6]:

‘ay -a, -a, -a, -a, -a;, -a, -a, |
a a, -a; a, -as a, a, —ag
a, a a, -a —a —a, a, ds
e a -a, a a -—a, a —a; a,
a, a a3 a; a, -—a —a, —a,
as -a, a, -a; a a, a; —a,
ag —-a, -a, as a, —a, a, q
a, a —-as -a, a a, —a q

The problem of computing the n™ power of an octonion is still interesting to
many researchers. Some methods are used, such as binomial expansion, De
Moivre’s formula, and Euler’s formula. To solve this problem, we use a new

technique to construct formulas computing the powers of an octonion.

2. The Methodology

For a complex number b=5,+bi where b,,b, are real numbers, and 7is the

. . . . 2
imaginary unit satisfies i =-1,

b" =(by +bi) = i)(nfj](bg’/)(bli)j , nis a positive integer number  (2)
=

If nis an even number then there will be §+1 real terms and g imaginary

terms, to simplify, we define Im[b]=bi, Re[b]=5, and,let by,b be nonze-

ro real numbers, we can write (2) as:

Re["]= 2/2;( ! .jbng (-62)

o\ n—2]j
' e (3)
a7 'S n n-2j-1 2}/
fm| b ]_(b—bo)jzo(n_zj_ljbo (-57)
If n2is an odd number then there will be ! real terms and *l imaginary
terms, we can write (2) as:
(nfl)/Z n .
n|_ n=2j(_z2 J
Re[ 4" |= jzo [n—2jjb0 (-57)
, - (n-1)2 " s (g2 (4)
Im n — _ n— - _
|: :| ( O)jg() n—-2j-1 0 ( 1)
To prove (3), let us write 5 in a matrix representation form:
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B= bo _bl
b b
For n=2, b> canbe computed from:
by =b|by| |b; -0
b b, || b 2bb, |

1

Re[” ] =8} -7 = Z[z 22 Jbz (- blz)j

j=0

SO

(5)
2 j
27 1-2 2
Im[ 5 | = 2byby = (b—h )j}o)(l . jb (-87)
Assume that (3) is true for n =2k , where kis a positive integer, therefore:
k 2k J
2k 2k-2 2
Re[ b ]= }0(% zjjb I(-b7) o

LR N R

Jj=0

We can compute »***> =b°b** by using the matrix:
B = bo2 _bl2 —2byb,
2byh, by —b}
Multiplying the first row of B> by (b”‘ )T (the column matrix representing

(b“')) gives Re[bzk*z], and multiplying the second row of B® by (bz" )T
gives Im[bz’”z]

Re[b2k+2]=(b§—b2)zk:(2k2k2 jbzk 2/( blz)j

=
_ 21,0;)1; (2/« e Jbg“fl (-5
:Zk:{zkz_kzjjb‘szm(‘bf )A+,Zk;)[2k 2 ]bZk V)
+2k2i[2k 2§ j- JbZk Y(n)
=5 - (21:2 ' 2Jb2k (8)+ (2/3 ' 4Jb2k ()
ot i
+(2k]b4( B) e ep () bR (b7)+ (%Zk Zjb“ 2(07) +
L a6 bf)"+£2:_’szsk”<—bf>’“+
[?]b@(—bﬁ)" +(—b]2)k+1+2{ [Z;k Jb“ (67)+ (yfk 3)172" (5
Aa a2 oy
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[( 2k 2k 2k
+_(2k—4)+(2k—2j+2(2k 3}}’21{ )+

[ 2k 2k 2k , r
" (21{ 2r]+(k—2r+2) (21( 2r +1Hb2k ) -
. (21() s 2(21()})3 (_blz)k+ (_blz)kﬂ
e e e

[2k2k2+ 2+2jb2k R (-0t) +"'+(2k2+ 2)1)02 (60) ()"
_g(zsz; 22 Jjbm 5]

I:b2k+2J |:2bb 2(2k k2 \Jbzk 2/( bz)
L s

Jj=0

. o 2%k . :
{/0 - 2 bZk 2/1( bz) +Z(2k 2J JbZk 2,1(_blz)/

Jj=0

k . j+
" 0(216 2)- ij () l}

{szml ) Jbgkl <b12)+2( ka 4jb2k 3 (bz)
r+ o 2k —2r+ "

[2k 2r+2j b () 1+2[2k—2rjb§k2 (o) +

[ J (~62)" +2m, (~07)
2k 2k

j §k+1 [2k 3]b2k 1(b1 )+[2k_5]b§k3 (b12 )2 n

n ks lijk 2143 ( ? )H +[2k _2;1 ) Jbgkz"“ (—blz ),, N

i

s

3peer i

(yfk Jbu ") (2/3 li3Jb°2k_3 () _(213 lisjbgk_s () +
(

.

+

. , 2% -
Tlak- 2r+1jbu2 () +[2k—2r—1]b§k2 ()
[t s
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T
0 (80) [ 2% -4 2k2]is)+(2lzli3ﬂ+
0 (8) { (21{ 2 j+(2k—Zgr—1)+(2k—2§r+lﬂ+m
ot Pt 4]
[( e e e e (B3
0 (0 [2sz 2+r2+ J ¥
NE (2"3* 2) I (2k1+ 2)}
=blii(zk2k; ]2+ 1)1’“ o (et)
By the similar way, we can prove (4).

3. Results

We can use (3) and (4) to compute the powers of a quaternion number and the
powers of an octonion number.

To compute the power of «a, replace b; by a; and b’ by al +a2+---+a’

in (3) and (4),
Re[aq::ﬁ(nfzj)ag R ;
nle |- Go-a) B, 5, i [l
e E e ]
im[a"]=(a- ao)n]le/z(n 2 J "”'l[—(af+-~+avzﬂj )

(7) and (8) give (a, +a,i, + ayi, +--+a,i;)’ when nis an even number and n
is an odd number respectively.
Of course the proof is similar to that one we used to prove the powers formu-

las for a complex number, but to make it clearer, we will write A as:

A=w(a)+v(a) (9)
where

lay -a, -a, -a, —a, -a;, -a, -a,|
a a O 0O 0 0 0 0
aa 0 a O 0 0 0 0
lag 0 0 4 0 0 0 o0

o(a)= a, 0 0 0 a O 0 0/

ag 0 0 0 0 a 0 0
aa 0 0 0 0 0 a O
e, 0 0 0 0 0 0 a
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K 0 0 0 0 0 0 |
0 -a, a, -—-as a, a, —d
0 a 0 -a -a -a, a, a
U(a): 0 —-a, gq 0 -a, a -—a; aq,
0 a a a 0 -a -a, -a
0 -a, a, =-a4 q 0 a -aq
0 -a, -a, a; a, -a 0 gq
0 a -a5 -a, a; a, -a 0 |

Since w(a) will play an important role in our proof, we call it the funda-
mental matrix. The following proposition presents the main properties of the

fundamental matrix (a).

3.1. Proposition

Let a'=[a, @ a a, a, a a, a], @ be the conjugate of a, A
be a real number, and /; be the identity matrix. Then
(a) A’ =w(a ) T

b) o(a")=0

© o(@)=o <>
@ o(1a)=10(a)
© o(t)=1,
Proof:

(@ o =[w(a)+v(a)]a" =w(a)a", (since v(a)a’ =0).

n+l

In general "' =aa", a""' = a)(a)(a") , (nnis a real number).
— — 2

(c) aa=w(a)a" =a; +a +-+a; =|d

The verification of remaining propositions is straightforward.

Form proposition (a), @” can be computed from:

‘ay -a, —a, -a, —a, -a;, -a, -a, | a,]
a a 0 0 0 0 0 0 |l a
a 0 a O 0 0 0 || a,
o (a)aT |4 0 0 aq 0 0 0 |l a

a 0 0 0 a O 0 0 || a,
a; 0 0 0 0 aq 0 0 | a
a0 0 0 0 0 a 0 | a
la; O 0 0 0 0 0 a ||a
'ag (a] +- +a$)—

2a,aq,

2a,a,

_ 2a,a,

2a,a,

2a,a;

2a,a,
i 2a,a, |
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a’=a; —(al2 +~~+a72)+2a0 (@i +--+ayi, )

So, multiplying the first row of @(a) by (a)T gives Re[azJ , and to obtain
Im[aq we just multiply any row (except the first row) of @(a) by a' be-
cause the multiplication result will be similar for all other rows, therefore
Im[aq will be summation of these results.

In general, since a*** =a’a®, we will obtain Re[a””] by multiply the
first row of a)(az) by (aZk )T , and to obtain Im[az'”2 J we multiply any row
(except the first row) of a)(az) by (aZk )T .

Incase Re[a]=0 (a isapureoctonion)and

Im(a) = i + a,i, + a;i; + a,i, + asis + agig + a,i; # 0, if nis an even number then:

e[ )

(10)
Im[a”}=0
And if nis an odd number then:
Re[a"]=o
_ (11)
n-1)/2
im[a"]=a[~(a? +-+a) "
3.2. Example
Let a=i, +2i, —3i, +1i,
[0 0 -1 =2 0 0 3 -1]
0o 0 -2 1 0 1 3
1 2 0 0 3 -1 0 O
|2 Lo 0 130 0
o 0 31 0 0 -1 -2
0 0 3 0 0 2 -1
-3 -1 0 0 1 -2 0 O
1 -3 0 2 1 0 0]
From (10),
Re[a®|=[-(15)] =-3375
Im[aﬂzo
So, a®=-3375
(3375 0 0 0 0 0 0 0
0 3375 0 0 0 0 0 0
0 0 -3375 0 0 0 0 0
. 0 0 0 -3375 0 0 0 0
A° =
0 0 0 0 -3375 0 0 0
0 0 0 0 0 -3375 0 0
0 0 0 0 0 0 -3375 0
| 0 0 0 0 0 0 0 3375
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From (11),
Re[as] =0
m[a® | = (i, +2i, - 30, +1,) [ ~(15) ] =225(i, +2i, =3, +iy)
[0 0 -225 —450 O 0 675 -225]
0 0 —450 225 0 0 225 675
225 450 0 0 675 -225 0 0
e 450 -225 0 0 -225 —675 0 0
1o 0 —675 225 0 0 -225 —450
0 0 225 675 0 0 450 -225
—675 -225 0 0 225 —450 0 0
| 225 675 0 0 450 225 0 0 |
3.3. Example

To compare our formulas with the De Moivre’s formula and Euler’s formula that

were used in [7] to find a’ for a=1+i, +i, +i, take

1 0 -1 0 -1 0 -1 O]
0 1 0 1 0O 1 0 -1
1 0 1 0 -1 0 1 0
4o 0 -1 0 1 0O 1 0 1
1 0 1 0 1 0 -1 O
O -1 0 -1 0 1 0 -1
1 0 -1 0 1 0 1 0
01 0 -1 01 0 1)
From (8)
Re[a']- i[ Jo1 -1-( e o] Jen-os
= 7-2) 5 3 1

So, a’ =64(1+i,+i,+i;),and

(64 0 —64 0 -64 0 64 0
0 64 0 64 0 64 0 -064
64 0 64 0 64 0 64 O
0 64 0 064 0 64 0 64
64 0 o4 0 64 0 -64 0
0 64 0 64 0 064 0 64
64 0 -64 0 64 0 64 O
0 64 0 -64 0 64 0 64
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Also let us compute a®.

From (7),
Re[d"|= 124(:)(8 _82]}[—(3)]’ =1 _[EJ@+Gj(9)_@j(27)+(81) =-128
in[o' =i+ 3, S, -0
(i, 41, +i, ){8—@](3)+@)(9)—(8)(27)}
=128(i, +i, +iy)

So, a* =128(~1+i,+i, +i),and

[-128 0 -128 0 -128 0 -128 0
0 -128 0 128 0 128 0 -128
128 0o -128 0 -128 O 128 0
4o 0 -128 0 -128 0 128 0 128
128 0 128 0 -128 0 -128 0
0 -128 0 -128 0 128 0 -128
128 0 -128 0 128 0 -128 0
. 0 128 0 -128 0 128 0 -128]

4. Conclusion

The formulas presented in this work are more suitable for computing the powers
of an octonion number (the powers of matrices representing an octonion num-
ber). These formulas which are derived from binomial expansion also can be
used to compute the power of a quaternion number (the powers of matrices
representing a quaternion number), and a complex number (the powers of ma-

trices representing a complex number).
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