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ABSTRACT

In this paper, a generalized Bernoulli sub-ODE method is applied to seek exact solutions
for nonlinear evolution equations. This method is based on the homogeneous principle,
and is effective in seeking new travelling wave solutions. As applications, we apply this
method to solve (2+1) dimensional Boussinesq and Kadomtsev-Petviashvili (BKP)
equation, and with the aid of mathematical software, some new exact travelling wave
solutions for this equation are found.

Keywords: Bernoulli sub-ODE method; travelling wave solutions; (2+1) dimensional BKP
equation; nonlinear evolution equation.

1. INTRODUCTION

Recently searching for exact travelling wave solutions of nonlinear evolution equations
(NLEES) has gained more and more popularity, and many effective methods have been
presented so far. Some of these approaches are the homogeneous balance method [1,2],
the hyperbolic tangent expansion method [3,4], the trial function method [5], the tanh-method
[6-8], the non-linear transform method [9], the inverse scattering transform [10], the Backlund
transform [11,12], the Hirota’s bilinear method [13,14], the generalized Riccati equation
method [15,16] and so on.
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Among the investigations for seeking exact solutions nonlinear equations, Prof. Wen-Xiu Ma
has done much pioneer work [17-21]. In [17], Prof. Wen-Xiu Ma presented one combined
ansatze method, the idea of which is to make the unknown variable u to be a practicable
function g(v) of the ansatze unknown variable v, which satisfies a differential equation
solvable by quadratures. The crucial point of this method is to choose the proper ansatze
equations solvable by quadratures. The Bernoulli equation was also listed there as one
useful ansétze equation, and the general solutions of the Bernoulli equation was also
presented. Based on this method, some explicit traveling wave solutions to a Kolmogorov
Petrovskii Piskunov equation were presented. It is worthy to note that the extended tanh
function method and the G'/G-expansion method are both special cases of the method in
[17]. In [18], a transformed rational function method was proposed and applied to seek exact
solutions of (3+1)-dimensional Jimbo-Miwa equation. In [19], A multiple exp-function method
to exact multiple wave solutions of nonlinear partial differential equations was proposed.
Then in [20], the multiple exp-function method was used to construct three-wave solutions to
the (3+1)-dimensional generalized KP and BKP equations. In [21], Frobenius integrable
decompositions were introduced for partial differential equations.

Motivated by the ideas in [17], in this paper, we apply the Bernoulli sub-ODE method [22, 23]
to construct exact travelling wave solutions for NLEEs. Firstly, we reduce the NLEEs to
ODEs by a travelling wave variable transformation. Secondly, we suppose the solution can
be expressed in an polynomial in a variable G, where G =G(¢£) satisfied the Bernoulli

equation. Thirdly, the degree of the polynomial can be determined by the homogeneous
balance method, and the coefficients can be obtained by solving a set of algebraic
equations.

The rest of the paper is organized as follows. In Section 2, we describe the Bernoulli sub-
ODE method for finding travelling wave solutions of nonlinear evolution equations, and give
the main steps of the method. In the subsequent sections, we will apply the method to find
exact travelling wave solutions of (2+1) dimensional BKP equation. In the last Section, some
conclusions are presented.

2. DESCRIPTION OF THE BERNOULLI SUB-ODE METHOD

In this section we give the main steps for Bernoulli Sub-ODE Method to seek exact solutions
for nonlinear evolution equations.

Consider the following ordinary differential equation (ODE):

G+ G = uG> (2.1)
where A #0,G=G(¢).
When 1 # 0, Eqg. (2.1) is the type of Bernoulli equation, and we can obtain the solution as

1 2.2)

H s de
A

G=

where d is an arbitrary constant.
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When 4 =0, the solution of Eq. (2.1) is denoted by

G=de™ (2.3)

Suppose that a nonlinear equation, say in two or three independent variables X,y and t , is
given by

P(u,u u,,u U U U U Ul C (2.4)

where u=u(x,y,t) is an unknown function, P is a polynomial in u=u(x,y,t) and its various
partial derivatives, in which the highest order derivatives and nonlinear terms are involved.

Step 1. We suppose that
u(x, y,t) =u($).¢ =< (x,y.t) (2.5)

The travelling wave variable (2.5) permits us reducing Eq. (2.4) to an ODE for u =u(¢)
P(u,u'u",....)=C (2.6)
Step 2. Suppose that the solution of (2.6) can be expressed by a polynomial in G as follows:

u@é)=a,G"+a, G"+...... (2.7)

where G =G(&) satisfies Eq. (2.1), and Q,,,d, ... are constants to be determined later,

a,,#0. The positive integer m can be determined by considering the homogeneous
balance between the highest order derivatives and non-linear terms appearing in (2.6).

Step 3. Substituting (2.7) into (2.6) and using (2.1), collecting all terms with the same order
of G together, the left-hand side of Eq. (2.6) is converted into another polynomial in G .
Equating each coefficient of this polynomial to zero, yields a set of algebraic equations for

a,,a. ... AU

Step 4. Solving the algebraic equations system in Step 3, and by using the solutions of Eq.
(2.1), we can construct the travelling wave solutions of the nonlinear evolution equation
(2.6).

In the following, we will apply the method described above to seek exact travelling wave
solutions for the (2+1) dimensional Boussinesq and Kadomtsev-Petviashvili equation.
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3. APPLICATION OF THE BERNOULLI SUB-ODE METHOD FOR (2+1)
DIMENSIONAL  BOUSSINESQ AND  KADOMTSEV-PETVIASHVILI
EQUATION

Consider the (2+1) dimensional BKP equation [24,25]:

u, =d, (3.1)
Vi =0y (3.2)
qt = qxxx + qyyy + 6(qu)x + 6(qv)y (33)

In order to obtain the travelling wave solutions of (3.1), (3.2) and (3.3), similar to the section
3, we suppose that

u(x, y,t) =u(é), v(x, y,t) =v(é),a(x, y,t) =q(¢é),¢ = ax+dy —ct (3.4)
where @,d, C are constants that to be determined later.

By using the wave variable (3.4), Eg. (3.1)-(3.3) can be converted into ODEs:

du'-aq =0 (3.5)
av -dg =0 (3.6)
(@®+d*)q" - cq' —6auq’ —6aqu’ —6dvg’ —6dgv’' =0 (3.7)

Integrating the ODESs above, we obtain

du-ag=g, (3.8)
av-dg=g, (3.9)
(@®+d®)q" - cq-6auq—6dvg =g, (3.10)

Suppose that the solution of (10) can be expressed by a polynomial in G as follows:

| .

u(é)=> aG' (3.11)
i=0

v(¢) = Zm:b.Gi (3.12)
i=0
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q(é) => cG' (3.13)
i=0

where a&,b,C are constants and G =G(¢&) satisfies Eq. (2.1).

Balancing the order of U' and q’ in Eq. (3.8), the order of V' and q' in Eq. (3.9) and the
order of " and V(' in Eq. (3.10), we have

[+1=n+1m+1=n+1n+ &=m+n+ =1l =m=n= Z So Eq. (3.11)-(3.13) can be
rewritten as:

u)=aG*+aG+a,a,#0 (3.14)
V(&) =b,G* +bG+b,,b,%0 (3.15)
q(é) =c,G*+cG+c,c,%20 (3.16)

where &,0,C are constants to be determined later.

Substituting Eq. (3.14)-(3.16) into the ODEs (3.8)-(3.10), collecting all terms with the
same power of G together, equating each coefficient to zero, yields a set of
simultaneous algebraic equations as follows:

For Eq. (3.8)
G’:a,d-ac,-g,=0
G':ad-ac =0
G’:a,d-ac,=0

For Eq. (3.9)
G%:ab,-g,-dc,=0
G':ab —dc, =0
G®:-dc,+ab,=0

For Eq. (3.10)
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G°:-cc,—g,-6doc,~-6aag,=0
G':-6aac,-6doc,— 6dbc,+cA’ @ +d®)-@mag,= C
G®:-6aac, - 6doc,— 6dbc,- 6dbg + £ A% @°+d°)-cc,
~30A (2 +d°) - 6aa,c, = 0
G®: -6aa,c, - 6db,c, - 6dbc,- Gaag,+ 2 4° @°+d® ) 1@ uh &°+d° = (
G*:-6aa,c,-6db,c,+ 6c 1’ @ +d®)=0
Solving the algebraic equations above with the mathematical software Maple, yields:

Case 1:
a,=a,a = —’u/]aZ,aZ: a2’u2,bo:bo,bl: —/,1/1d 2,b2: d 2/,12,8.: a,

¢, =C,,C, =—pAda,c,=dy’a,g,=ab,~dc,g,=da,~ac,d=d,
o= -6a’c, -6d°c, +a'dA’-edba-@ad+d 4 a

ad
-6a’c, —6d%, +a‘dA*+d A a
=-C, > (3.17)

where @,,0,,C,,a,d are arbitrary constants.

Assume [ # 0, then substituting the results above into (3.14)-(3.16), combining with (2.2)
we can obtain the travelling wave solution of (2+1) dimensional BKP equation as follows:

1 1
(&) =a’u’(———)* - wra¥( ) +a, (3.18)
H 4 e H 4 ge
P P
—A2,,2 1 2 2 1
V(&) = d2 P () - pAd ¥ ) +h, (3.19)
H s de H 4 dei
P P
4,2 1 1
() =dya(———)" — pAda( )+G (3.20)
'j+de”‘f f11+de”‘r

576



Xu and Feng; JSRR, Article no. JSRR.2013.008

—6a’c, —6d°c, +a‘dA*-6ad ba-@ad+d A ?at

=ax+dy-
¢ y =

(3.21)

Case 2:

a, =a,a,=a,a,=d*u’*b,=b,b,=a b,=d’u*d=dc= & (h +a,),
¢, =¢,,c,=-a,c,=-d*u*g,=-db,~dc,g,=da +dc ,a=-d,g = 0, (3.22)

where @,,0,,C,,a,,d are arbitrary constants.

Similarly under the condition i/ # O, we can obtain another travelling wave solution of (2+1)
dimensional Boussinesq and Kadomtsev-Petviashvili equation as follows:

1 1
U, (&) =d*p*(————)* +a( )+a, (3.23)
H 4 de H 4 de
A A
—A2,,2 1 2 1
Vv, (§) =d u () +a( ) +Db, (3.24)
H 4 ger H 4 et
A A
— 2,,2 1 2 1
0,(¢) = —d“ " (——) "~ a( )*+C (3.25)
H 4 de H 4 ge
A A
é=ax+dy—6d(-h,+ay)t (3.26)
Case 3:
U I RN G AU OR: SN - S
ao_ao’aj_zd HA( Zi 2'),az—dﬂ( 2”—“ 2')1bo_b01
1 1 1.3 1.3
blzidzﬂ)"bz:dz,Uz,Co:00101:—2dZ,LI/](—Zi—Z')'Cz:dzﬂz(—zi—zl)
1. 4/3. 1.4/3
d=d,a=(Et—zl)d,c=—6da0(—21—2|)—6dbo,g3=0,
1 3. 1 3.
91=dao—dco(ii%'),gzzdbo(—ziiz')—d% (3.27)

where @,,b,,C,,d are arbitrary constants. Then
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Jé 1 1.J3
— A2 i
Uy (&) =d?u*(-= 2 > ”+de‘f) + g7 HA(= 2+ 2I)(ﬂ+dé{)+% (3.28)
p P
Vv (8) = d* P (———) %+ = d,u/‘( )+, (3.29)
'U+de“ H 4 der
p p
_ 1 43 1 1.3
(&) =d? 1’ (= +7I)(ﬂ+de )? +2d /l(—+—2I)(ﬂ+deM)+Co (3.30)
p
5:(%¢§i)dx+ dy+[6da0(—;i£23i)+6db0]t (3.31)
where (U Z#0.
Case 4:
1.4/3 1.3

g = aoai——d A8, =d (ST b, =Dy,

b = %(Lﬁl)b dﬂ,co=c,c=—a1(——;i£i),cz=d2ﬂ2(—;i£§)
d=d,a= (—+£|)d c=- 6da0(1+£3|) &b, g, = O,
glzdao—dco(zi%i),gz dbo(1+£3|) de,, (3.32)

where 8,,0,,C,,d are arbitrary constants. Then

0@ = dip(-Le Bty L dM(——1+£31>( )+a, (3.33)
2 2 H, g H i et
A A
V(&) = 2ty al(—1+£‘°’u)( L yip (3.3
H et 2 T H L ge
A A
q3(5)=d2u2( \/_l)( )2-a,(- 1+£3)( 1 )+, (3.35)
)I+de‘ 2 2 //’11+de”“
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NE NE

1 3. 1 3.
=(=x—i)dx+dy+[6da,(=+—Ii) +6db,]t 3.36
4 (2 zl)x y +[ ao(2 2!) bl (3.36)

where (U #0.

Remark 1: In [24], Zheng presented some exact solutions including hyperbolic function
solutions, trigonometric function solutions, rational function solutions, and some soliton
solutions for Egs. (3.1)-(3.3). We note that our solutions (3.18)-(3.20), (3.23)-(3.25) are
expressed in the Exp function, which are different from Zheng’s results. Furthermore, our
solutions (3.28)-(3.30), (3.33)-(3.35) are complex solutions, which are essentially different
from the solutions proposed in [24].

Remark 2: The travelling wave solutions mentioned above have not been reported by other
authors to our best knowledge.

4. CONCLUSIONS

In this paper, some new travelling wave solutions of (2+1) dimensional BKP equation are
successfully found by using the Bernoulli sub-ODE method. The main points of the method
are that assuming the solution of the ODE reduced by using the travelling wave variable as
well as integrating can be expressed by an m-th degree polynomial in G, where G =G(¢)

is the general solutions of a Bernoulli sub-ODE equation. The positive integer m can be
determined by the general homogeneous balance method, and the coefficients of the
polynomial can be obtained by solving a set of simultaneous algebraic equations. Also this
method can be used to many other nonlinear problems.
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