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Abstract

Triangle inequality is regarded as the most prominent and important inequality in the theory of
normed spaces and therefore it has been a major topic of interest treated by numerous
mathematicians. However, the above inequality, as well as its generalizations are also very
important in the theory of quasi-normed spaces. Therefore, that one is a subject of additional
research in both quasi-normed and generalized quasi-normed space.
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1 Introduction

Quasi-norm is generalization of a norm and is defined as following

Definition 1. ([1], [2]). Let L be a real vector space. A quasi-norm is a real function ||-||:L > R
such that the following conditions are satisfied:

i) |Ix|[=0,foreach xeL and || x||=0 ifand onlyif x=0,
i) [|Ax|=lA]-]|x]|,foreach 1eR and each xelL,
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iii) It exists a constant C>1 such that|| x+y ||<C(|| x||+]|| ¥ |I), foreach x,y e L.

An ordered pair (L,]|-]|) is said to be a quasi-normed space. The smallest possible C in iii) is said
to be a modulus of concavity of || - || . A quasi-Banach space is a complete quasi-normed space.

The condition iii) of Definition 1 directly implies the validity of the following Lemma:
Lemma 1. ([3]). If L is a quasi-Banach space with modulus of concavity C >1, then for each n>1
and for every xq,X,...,Xop,Xopn,1 € L the following holds true
2n n 2n 2n+1 n+12n+1
XX l<CoXlx b I X X [<C™ X lIx |l m
i=1 i=1 i=1 i=1
Definition 2 ([1], [2]). Quasi-norm ||-|| is said to be p—norm, O <p <1 if

1+ y PP + 1y 1P, (1M

for each x,y e L. Furthermore, a quasi-normed space is said to be a p— normed space and a
quasi-Banach space is said to be a p — Banach space.

In quasi-normed spaces for quasi-norms and p — norms the following theorem holds true.

Theorem 1. (Aoki-Rolewitz, [1], [2]). Let (L,||-||) be a quasi-normed space. Then, it exist
p,0< p <1 and an equivalent quasi-norm ||| - ||| with L, so thatitisa p—norm. m

The above theorem enables the p-norms to be treated instead of quasi-norms, because in the
majority of cases it has been proved as a simpler and easier way the researchers to obtain the
results.

In [4] C. Park generalized the concept of quasi-normed space, i.e. gave the following definition.

Definition 3. ([4]). Let L be a real vector space. Generalized quasi-norm is a real function
[I-1l: L > R such that it satisfies the following conditions:

i) ||x||=0,foreach xeL and || x||=0 ifand only if x=0,
i) |IAx|=lA]-||x]||, foreach 1R and for each xelL,

0 0
iii) It exists a constant C>1 such that it satisfies the following || > x; [|< > C|| x; ||, for each
i=1 i=1
X1, X2,X3,... € L.

An ordered pair (L,||-||) is said to be a generalized quasi-normed space. The smallest possible C
of the condition Jii) is said to be a modulus of concavity of||-||. A complete generalized quasi-
normed space is said to be a generalized quasi-Banach space.

Definition 4. ([4]). A generalized quasi-norm ||-|| is said to be a p— norm, 0<p <1 if each
X,y € L satisfy the condition (1). Thus, a generalized quasi-normed space is said to be a
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generalized p — normed space, and a generalized quasi-Banach space is said to be a generalized
p — Banach space.

2 Main Results

Theorem 2. Let L be a quasi-normed space with modulus of concavityC >1. For all x,y €L
Ix+y I+ x=yll=min{|| x =y LIl x+y I} < CA x [T+ 11y 1) (2)
XAy T+ =1y T CA x+ y [T+ 1T x =y D) - ©)

hold true.

Proof. The condition iii) in Definition 1 implies that

Ix+y (I +11x=y I =CAlx I +1y 1)<l x=y I,
Ix+y I+ =y I =CAIx [+ 1=y ) <ll x+ ¥l

Therefore the following inequality holds true
I x+y I+ x=y [I=CUl x|+l y ) < min{|| x = y [L.Il x+ y ([}
The last one is equivalent to the inequality (2). Further, the condition iii) in Definition 1 implies that

2l x| x+y +(x=y) I CUl x+ y [+ x=y D),
2y IHIx+y ==y i< Cll x+ y Il + 1T x=y ),

thus,

Zmax{|| x|LIy I} < CUl x+y [I+ 1l x=y1I). (4)
On the other side

XA+ 1Ty AT+ HEx A= 1Ty 1= 2maxdl]x L1y 113 - ®)
Finally, the equality (5) and the inequality (4) imply inequality in (3). m

Theorem 3. Let L be a p- normed space. Then for all xq,x5,..,x,eL such that
[l X1 2| X2 |[= ... 2|| X, [> O the following inequalities holds true

n n n
X;
I 1Pl Z”T’,Hllp =2 X =10 1P <Y % 1P (6)
=1 i=1 i=1
< p Pl S X (P L% p
122 x; 117 <[l %, I IIZ”T:_”II +2 (X =11 X, 1D, (7)
i=1 i=1 i=1

for 0<p<1.

Proof. The inequality (1) directly implies that
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n n n
X X; X X,

=1 =1

n n n
YA Y = Y P
2l Sl 2Dl
n
P [1x4l1=11x;11 p

|X”,Juz,n 2

nz,np lwimmnqumw

IX Ilp

i.e. the inequality (6) holds true.

n n n n
X; X; X X,
I e P Z e = Zpep 1P
ji=1""" =1 j=1"nl i M
n n n
APY AP+ Y o = 3 [P
&l PAA NPT
n
X XX o
”I;HXAI [1X, ||P ||Z (11l il
L p L P
SIIZ|—I| i ||,,Z(IIX,-II—IIXnII)
i=1 n

i.e. the inequality (7) holds true. m

Theorem 4. Let L be a generalized quasi-normed space with modulus of concavity C > 1. Then for
every Xy,Xs,...,X, € L such that || x4 |[2[| x5 ||> ... 2|| X, |> O the following inequalities holds true:

2n n 2 n
CXlxI=Cll X x; [| HCn—|| Z TLARSEIE (8)
i=1 i=1 i=1
n 2 n 2
I 2 x; | +Cn-C| Z—| DIl x, [l C ZIIX Il 9)
i=1 i=1 i=1

Proof. The properties of generalized quasi-norms imply the following

n n n n
X X, X; X;
||’§|T;”||=||’§|T;”+(i§|7:”—§1|7’1”)”
n n n
SCI| Y2 [+C | Y = 3 2|
i:1|x1” i:1|Xi|| i:1|x1”
= 1Sl X xS nzwmw”xn
Ml 1 2 T I
T c2 &
< 7Sl X 1+7S X lxll =1 )
Xl i xall 5
n
__C
=~ _ + nil x X
el 2% Sl - zn 1),
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i.e. the inequality (8) holds true.

n n n n
X X X l
I3 e i+ e~ 2 |
i= g el g T
n n n
L Xi — L
<CHZ el 2~ Z |
i=1 i=1 i=1
n
P TR Ay P R LA
”Enx,-u” LRI
n
<Cll X

>

Xl

Il
N

]

X; 2
RS (PR P}
Il

é
=
|\><

Il
=

Xj

(Xl

(

AP

c? <
+a (2 X I=n ]l X, D),

izt

i.e. the inequality (9) holds true m

Before we treat the inequalities in a quasi-normed space, which are analogies of the inequalities
proven in theorems 3 and 4, we will prove that the sharp inequalities given in Lemma 1, for gausi-
norm, hold true.

Lemma 2. If L is a quasi-Banach space with modulus of concavity C>1, then for each n>1 and
for each xq,X5,...,X, € L the following inequality

n n
IS x; |l< Cctlogln=N 5, | (10)
i=1 i=1

is satisfied.

Proof. The above statement will be proved by the principle of mathematical induction. The
properties of a quasi-norm imply the following:
I X1 + X2 [[< C(ll xq I+ 11 %2 1)

=090 ()| x, ||+ X, 1)
13+ + 3 ll< CQl 3y 1+ 11+ 1)

<Cllx 11+C2(11 %2 I+ 11 X3 11)
<C%(|| xq 1+ 11 X2 11 + 11 X3 11)

= C10%2G () oy |1+ 1 xz 11+ 11 3 11)

[ X1+ Xg + X3 + X4 ||I< C(I| X4 + X5 || + | X3 + x4 |])
2
SCAlxq 1+ 11 x 11+ 11 X3 11+ 11 xq 1)

= MG 1411 1+ 11 x5 11+ 11 X4 1)

The above actually means that the inequality (10) holds true for m=2,3,4. Let's assume that (10)

holds true for each positive integer such that it is an element of the set {2,3,...,2k ,2k +1,..., 2K +1} . Let
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me {2k 4128142, 252y Then it exists p,q e {2¢,2% +1,2¥ +2,...,25*"} such that p+q=m,
thus

X1+ X0 + .ot Xpp_q + X [ISC I Xq + X+ X [[+C || Xpiq + X2 oo+ X |
<C-CM OGPy ||+ [ xp [+ 11 X5 1)
+C-CMO% N 11+ 1 Xp 2 [+t 1 X 1)
< C- MR g |+ xg [+ 11 %p 1)
+C-ClO9 Ny g 1+ 1 Xpp 144 1l X 11)

1+[log, (n—1)]
= %y (11 1+t 1 Xgg 1 X D),

Hence, by applying the principle of mathematical induction we get that the inequality (10) holds
true for each n>1 and for all x4,x5,...,x, L. m

Theorem 5. Let L be a quasi-normed space and n> 2. For all elements xq,x5,...,x, € L so that
[l X1 2| X2 |[= ... 2] x,, [[> O the following inequalities

n
C2I% 2N ||, || < C| 3, x, ] +InC2 1092072 I gl (11)
i=1 i=1 i=1
IS, I+ (nC3109(-2] cnz“X”u 1, lls G2 108220 5 1 (12)
i=1 i=1
hold true.

Proof. Let n>3. The properties of quasi-norm and Lemma 2 imply the following

IS IS i (3 i
ke ) .
i:1|Xi” i1 |X1|| /:1 i1
n C n n X;
<C + A
g |X1|||| l g E:1| xll ”
_ L
1+{logp (n-2)]
<|L 2x|| CC—Z(II xl1=11%; 1
i=

[1xll

2+[logp (n-2)]
lX”uzXn + R X - znxm

I

i.e. the following inequality, which is equivalent to the inequality (11), holds true

n n
X: 2+[logp (n-2)]
IS g s S 1 2 N+ Sl xq - znxm

Let n> 3. The properties of quasi-norm and Lemma 2 imply
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n n n n
X; X, X X
=17 i=1"" =1 =
n n n
<CINEp5+CI E = Z
i=1"" =1 =1
n
PNTE SUE INTICRTR Y (1[5 AT
2 1 ||xn||”,§1 T
n
X 1+[logp (n-2)]
<Cll Zmll CCTZ(IIX =11, 1D
=1 i=
n
X 2+{logp (n-2)]
=ClI X g+ ¢ lex lI=n 1%, 1D),
Z Tl Ml 4

Il
=

i.e. the following inequality, which is equivalent to inequality (12), holds true

n n n
X; CZ+[Iog2(n—2)]
< C — ||+ X;||—n|| X .
| 2 el Ol g IS — (2l g )

Remark. a) Indeed, if C=1, then a quasi-norm is a norm, and the inequalities (11) and (12) are
equivalent to the inequality (1.1) in Theorem 1.1 [5].

b) For n=2 the corresponding inequalities in Theorem 5 are proven in Theorem 2.1, [6], i.e. the
following statement is proven:

If L is a quasi-norm with constant of concavity C>1 and x,y €L are so that || x|[>|| y |[[> 0, then

Ix+y l1+C@- Il 5+

2
LY I CAX I+ Ty ) <l x+y 11 +2C% - [l 25+ 2 L x

3 Conclusion

In previous considerations are proven the Sharp triangle inequalities in quasi-normed spaces,
which are generalizations of results given in [7-11]. In proving of these inequalities we use the
strict inequality given in Lemma 2, which can be used in proving of inequalities such as Pecaric¢-
Rajic.
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