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Abstract

In this paper, we introduce and investigate the generalized Olivier sequences and we deal with, in detail,
two special cases, namely, Olivier and Olivier-Lucas sequences. We present Binet’s formulas, generating
functions, Simson formulas, and the summation formulas for these sequences. We also provide various
matrices and identities associated with these sequences. Furthermore, we show that there are close relations
between Olivier, Olivier-Lucas and adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell,
Pell-Perrin, Pell-Padovan numbers. Moreover, we give some identities and matrices related with these
sequences.
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1 Introduction

Adjusted Pell-Padovan sequence {M,},>0, third order Lucas-Pell sequence {B,},>0 (OEIS: A099925, [1]),
third order Fibonacci-Pell sequence {Gr }n>0 (OEIS: A008346, [1]), Pell-Perrin sequence {C}, }» >0, Pell-Padovan
sequence {Ry}n>0 (OEIS: A066983, [1]), are defined, respectively, by the third-order recurrence relations

Mpi3 = 2M,4 + My, My =0,My =1, My =0, (1.1)
Bnts = 2Bpy1+ Bn, Byg=23,B; =0,By =4 (1.2)
Gnys = 2Gni1+Gn, Go=1,G1 =0,Gy =2, (1.3)
Cnys = 2Cpni1+Ch, Co=3,C1 =0,Cq =2, (1.4)
Rpts = 2Rpi1 + Ra, Ro=1,R; =1,Ry = 1. (1.5)

The sequences { My }n>0, {Bn}tn>0, {Gn}tn>0, {Cn}n>0 and {Ry}n>0 can be extended to negative subscripts by
defining

M_, = —2M_(n_1)+ M_(,_3),
B_, = =2B_(n_1)+B_(n_3)
Gon = —26_(a-1) +CG—(n-3)
Con = 20 (n_1) +C (n_3)
RBen = 2R _(n-1) + B_(n-3)

for n =1,2,3,... respectively. Therefore, recurrences (1.1)-(1.5) hold for all integer n. For more details on the
generalized Pell-Padovan numbers and its special cases, see Soykan [2].

Now, we define two sequences related to Adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-
Pell | Pell-Perrin, Pell-Padovan numbers. Olivier and Olivier-Lucas numbers are defined as
On:20n72+0n73+17 with 00:0,01 :1,02:1, n > 3,

and
K,=2K, s+ K,_3—2, with Ko=4,Ki1=1,K2=5, n>3,

respectively.

The first few values of Olivier and Olivier-Lucas numbers are
0,1,1,3,4,8,12,21, 33,55, 88, 144, 232, 377, ...

and
4,1,5,4,9,11, 20,29, 49, 76,125, 199, 324, 521, ...

respectively.

The sequences {O, } and {K,} satisfy the following fourth order linear recurrences:
On = Onpn-14+20p-2—0yp_3—0p_y, 0O0=0,01=1,02=1,03 =3, n > 4,
Kn = K’nfl + 2Kn72 - anS - K’n747 KO = 47K1 = 17K2 = 5>K3 = 47 n Z 47

There are close relations between Olivier, Olivier-Lucas and Adjusted Pell-Padovan, third order Lucas-Pell, third
order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers. For example, they satisfy the following interrelations:

20, = Mpy2+ Mpyp1 + My — 1,

Ky = —2Mp 42 +3Mp41 +4My + 1,
100y, = —7Bpy2 +9By41 +11By — 5,

Ky = Bn +1,

20n = Gn+2 + Gn+1 —Gn —1,

Ky = 4Gp42 —2Gp41 —5Gp + 1,
220, = 13Cy 42 —3C, 11 — 5C, — 11,
11K, = —12Cp 42 + 18CpH 1 + 19C, + 11,

20, = Rpyq2 —1,
2Kn = —3Rpy2 +4Rp41 +5Rn + 2,
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and

M, = —Opis+30,+1,

5M, = —-9Kpy2+8K,1 + 12K, — 11,
B, = —60,42+ 50,41 +90, +4,

2B, = Knt3—2Kn41+ Ky,
Gn = Onpt1— 0y,

5G, = 8Kni2—6Knt1 — 9K, +7,
Cn = —120n42+70n41 + 210, + 38,
5C, = —24K,4+2+ 18K,4+1 + 37K, — 31,
R, = —40442+4+20p4+1 +80, + 3,

5R, = —13Kn s+ 11K, 1+ 19K, — 17.

The purpose of this article is to generalize and investigate these interesting sequence of numbers (i.e., Olivier,
Olivier-Lucas numbers). First, we recall some properties of the generalized Tetranacci numbers.

The generalized (r, s, t, u) sequence (or generalized Tetranacci sequence or generalized 4-step Fibonacci sequence)
{Wn(Wo, W1, Wo, Ws; 7, s,t,u) }n>0 (or shortly {Wy}n>0) is defined as follows:

Wp=1Wh_1+sWh_2 +tW,_3+ UW7L747 Wo = Co, Wi = C1, Wa = C2, Ws = c3, M > 4 (16)
where Wy, W1, Wa, W3 are arbitrary complex (or real) numbers and r, s, ¢, u are real numbers.
This sequence has been studied by many authors and more detail can be found in the extensive literature

dedicated to these sequences, see for example [3,4,5,6,7,8,9,77,11]. The sequence {Wp},>0 can be extended to
negative subscripts by defining

t s r 1
W_p=—W_(n1)y— —W_(n_oy— —W_( —W_(n—
a2 ) T W) = oWy oW (neg)
for n =1,2,3,... when u # 0. Therefore, recurrence (1.6) holds for all integers n.

As {W,} is a fourth-order recurrence sequence (difference equation), its characteristic equation is

22— —tz—u=0 (1.7)

whose roots are «, 3,7, . Note that we have the following identities

atfB+y+ds =
af+ay+ad+py+B6+v = —s,

afy+afd+ayd+pys = ¢,
afyd = —u.

Using these roots and the recurrence relation, Binet’s formula can be given as follows:

Theorem 1.1. (Four Distinct Roots Case: a # 3 # v # J) For all integers n, Binet’s formula of generalized
Tetranacci numbers is

_ pra + p2p" n psy" + pad”
(@=B)la=N(@=08)  B-a)B-NB-0) (G-a)ly=~Al—=9 (-a)d-p5(E-7)

(1.8)
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where
pr = Ws—(B+v+08)Wa+ (By+ B0 +~0)Wr — By6Wo,
p2 = Wis—(a+v+)Wa+ (ay+ ad +v0) Wi — aydWo,
ps = Ws— (CY—F,B-F(;)WQ-F(CY,B-FCY(S-FB(S)Wl — afBéWo,
pa = Ws—(a+B+7)W2+ (af+ay+ By)Wi —afyWo.

Usually, it is customary to choose «, 3,7, d so that the Equ. (1.7) has at least one real (say «) solutions. Note
that the Binet form of a sequence satisfying (1.7) for non-negative integers is valid for all integers n (see [?7]).

Next, we consider two special cases of the generalized (7, s,t,u) sequence {W, } which we call them (r,s,t,u)-
Fibonacci and (r, s, t,u)-Lucas sequences. (r, s, t, u)-Fibonacci sequence {Gr }n>0 and (r, s, t,u)-Lucas sequence
{Hn}n>o0 are defined, respectively, by the fourth-order recurrence relations

Gnia = 1Gny3+ 8Gniz +tGni1 + uGy, (1.9)
Go = 0,G1=1G2=1Gs=1r"+s,

Hpta = rHpys+sHpio+tHpi1 +uHy, (1.10)
Hy = 4,H1:r,Hg:2s+r2,H3:r3+3sr+3t.

The sequences {Gp}n>0 and {Hy }n>0 can be extended to negative subscripts by defining

G_n

t s r 1
——G_ n— --G_ n—2) = -G n— -G_ n—4),
2O T G2 = LGy + G (na
t s r 1
H-_ = ——H_ n— - —H_ n— - —H_ n— —H_ n—4)»
n g ) T ) T () T (g
for n =1,2,3, ... respectively. Therefore, recurrences (1.9) and (1.10) hold for all integers n.

For all integers n, (r, s, t,u)-Fibonacci and (r, s, t, u)-Lucas numbers (using initial conditions in (1.9) or (1.10))
can be expressed using Binet’s formulas as in the following corollary.

Corollary 1.2. (Four Distinct Roots Case: o # [ # v # 0) Binet’s formula of (r,s,t,u)-Fibonacci and
(r, s,t,u)-Lucas numbers are

an+2 ﬁn+2 ,Yn+2 5n+2
@B Na-0 BB -9 G- -A0-0  G-a@-Bo-
and
Hy =" + " ++" + 4",
respectively.

Proof. Take W,, = G,, and W,, = H,, in Theorem 1.1, respectively. [J

Next, we give the ordinary generating function Y W,z" of the sequence W,,.

n=0

Lemma 1.3. Suppose that fw, (z) = Y, Wyz" is the ordinary generating function of the generalized (r,s,t,u)
n=0

(o=}
sequence {Wh}n>0. Then, > Wy,z" is given by

n=0

oo

Z W™ — Wo + (W1 — ’I“W())Z + (W2 —rWy — SW())Z2 + (Wg —rWo — sW7p — tWo)ZS
neT 1—7rz— 522 —tz3 —uzt ’

(1.11)

n=0
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Proof. For a proof, see Soykan [7, Lemma 1]. O

The following theorem presents Simson’s formula of generalized (r,s,t,u) sequence (generalized Tetranacci
sequence) {W,}.

Theorem 1.4 (Simson’s Formula of Generalized (r, s,t,u) Numbers). For all integers n, we have

Whts Wigo Wiia W Ws Wy Wi Wo
Wise Wart Woo Waot | _ (| Woo W2 o Woy
Wn+1 Wn Wn— 1 Wn—2 Wl WO W— 1 W— 2

Wn  Wpot Whoo Wi_s Wo W_1 W_o W_j

(1.12)

Proof. (1.12) is given in Soykan [13]. O

The following theorem shows that the generalized Tetranacci sequence W, at negative indices can be expressed
by the sequence itself at positive indices.

Theorem 1.5. For n € Z, for the generalized Tetranacci sequence (or generalized (r,s,t,u)-sequence or 4-step
Fibonacci sequence) we have the following:

an - é(fu)in(76w3n + 6HnW2n - 3H721Wn + 3H2an + WOHZ + 2W0H3n - 3WOHnH2n)
= (=)' (Wan — HoWan + %(Hﬁ — Hop )W,y — é(HS + 2H3, — 3Ha, Hp)Wo).

Proof. For the proof, see Soykan [14, Theorem 1.]. O

Using Theorem 1.5, we have the following corollary, see Soykan [14, Corollary 4].

Corollary 1.6. Forn € Z, we have

(a) 2(—u)" ™ Gop = —(3ru? + 13 — 3s5tu)?GS — (25u — t2)2°G2 3Gy — (=1t — tu + 2rsu)® G2 LG, — (—st? +
25%u+du? +rtu)’> G2 L1 Gr+2(3ru? +3 — 3stu) ((—25u+1%)Gnys + (—rt? —tu-+2rsu)Gris +(—st? +2s%u+
402 4 7tu)Gng1)G2 + 2(2su — t2) (=1t? — tu + 2rsu) GnraGniaGn + 2(2su — t2) (—st? + 252w + 4u® + rtu)
Gn+3Gni1Grn — 2(75152 + 28%u + 4u® + rtu)(frt2 — tu + 2rsu)Gn+2Gn41Gn — 2Gsnut + u2(723u +
t2)G2n+3Gn+u2(—Tt2—tu+2rsu)G2n+2Gn+u2(—st2+282u+4u2+rtu)G2n+1Gn—2u2(28u—t2)G2nGn+3+
2u? (—rt? — tu + 2rsu)Gan Gnrao + 2u? (—st? + 25%u + 4u? + rtu) GonGri1 — 3u?(3ru? + 3 — 3stu)G2nGh.

(b) H ., =% (—u)"" (Hy +2Hsn — 3H2,H,) .
Note that G_,, and H_,, can be given as follows by using Go = 0 and Hy = 4 in Theorem 1.5,
1

Gon = 5(-u)""(~6Gsn + 6HnGan 3H.Gn + 3H2,Gh), (1.13)
Ho, = é (—u) ™™ (H2 + 2Hsn — 3Hzn Hy) (1.14)

respectively.

If we define the square matrix A of order 4 as

A= Arstu =

OO =3
O = O W
_ oo O o+
o o o=
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and also define

CTVn+1 sGn +tGn—1 +uGp—2 tGn + uGn-1 uGhp
Gn Sanl + th—Q + 'U/Gn73 th,1 + UGn72 Uanl

Bn - anl SGn72 + tG’VLf?: + ’U/anél th72 + Uan?: UGn72
Gn—2 8Gn_3+tGn—a+uGp_s5 tGn_3+uGn_a uGn_3
and
Wn+1 SWn + th—l + UWTL—Q th + UWn—l UWn
U, = Wn Sanl + th72 + UWn73 th,1 + UWn72 ’LLWn71

Whno1 sWpo+tWh_s+uWp_s4 tWh_o+uWr_3 uW,_o
Wn—2 SWn—B + th—4 + UWn—5 th—d + UWn—4 UWn—3

then we get the following Theorem.

Theorem 1.7. For all integers m,n, we have

(a) Bn=A", i.e.,

" Gn+1 SGn + th,1 + UGn72 th + Uanl uGTL
Gn Sanl + th72 + UanS th,1 + UGn72 'U/anl

Gn—l 5Gn—2 + th—3 + UGn—4 th—2 + UGn—S UGn—Q

Gn72 SGTL73 + th,4 + UGn75 th73 + Uanél UGn73

oo~ =
O~ O W
O O o+
o o o

(b) U1A™ = A™U.
(€) Unim = UnBm = BpU,.

Proof. For the proof, see Soykan [7, Theorem 19]. O
Theorem 1.8. For all integers m,n, we have

Wadgm = WnGmy1 + Wno1(SGm + tGm—1 + uGm—2) + Wn_2(tGm + uGm—-1) + uWn_3Gn. (1.15)
Proof. For the proof, see Soykan [7, Theorem 20]. O

In the next sections, we present new results.

2 Generalized Olivier Sequence

In this paper, we consider the case r = 1,s = 2,t = —1,u = —1. A generalized Olivier sequence {Wp}n>0 =
{Wpn(Wo, W1, Wa, W3) }n>0 is defined by the fourth-order recurrence relation

Wn - anl + QWTL72 - an?) - Wn74 (21)

with the initial values Wy = co, W1 = ¢1, W2 = c2, W3 = ¢3 not all being zero. The sequence {Wy,},>0 can be
extended to negative subscripts by defining

Weon = —W_(n_1) + 2W_(n_2) + W_(n—3) = W_(n—y)
for n =1,2,3,.... Therefore, recurrence (2.1) holds for all integers n.

Characteristic equation of {Wy} is

A1 =(G -2 -1 = -2 -1 (z+1)(2—-1)=0
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whose roots are

1+5
a = ,
2
15
= 5
Y = _17
6 = 1
Note that
atB+y+d = 1,
af+ay+ad+py+B5+v = -2,
afy+aBd+ayd +Bys = -1,
afys = 1.
Note also that
atpf+y = 0,
af+ay+py = -2
afy = 1.

The first few generalized Olivier numbers with positive subscript and negative subscript are given in the following
Table 1.

Table 1. A few generalized Olivier numbers

n W W_,

0 Wo Wo

1 Wh 2Wr — Wo + We — W3

2 Wao 3Wo — W1 —2Ws + W3

3 W3 AWr — AWy + 4Wso — 3W3

4 2Wo — Wy — Wo + W3 8Wo — 4Wy — TWs + 4W3

5 Wy — 2W1 — Wy + 3W3s IOW, — 12Wo + 12W5 — 8W3
6 AWso — AW, — 3Wy 4+ 4W3 21Wo — 12W71 — 20W5 + 12W3
7 AWy — TW1 — 4Wo + 8W3 22W1 — 33Wo + 33Wo — 21W3
8 IWy — 12W7 — 8Wy + 12W3 55Wo — 33W1 — 54Ws5 + 33Ws
9 12Wo — 20W1 — 12Wo + 21W3 56W71 — 88Wy + 88Ws — 55W3

10 22W, — 33W1 — 21Wy + 33Ws 144Wo — 88W1 — 143W> + 88W3

11 33Wo — 54W1 — 33Wo + 55W3 145W1 — 232Wy + 232W5 — 144W3

12 56Wy — 88W1 — 55Wp 4 88Ws 37TWo — 232W1 — 376Ws 4 232Ws

13 88Wsy — 143W; — 88Wy + 144Ws  378W1 — 609Wo + 609W, — 377W3
Note that the sequences {Oyn} and {K,} which are defined in the section Introduction, are the special cases of
the generalized Olivier sequence {W, }. For convenience, we can give the definition of these two special cases of
the sequence {Why} in this section as well. Olivier sequence {On}n>0 and Olivier-Lucas sequence {Kn}n>o are

defined, respectively, by the fourth-order recurrence relations

On - Onfl + 2071,72 - Onf.’i - On74, OO = 0,01 = 1,02 = 1,03 = 3, n > 4,
Kn = Kn_1 + 2Kn_2 — Kn_g — Kn_4, KU = 4,K1 = 1,K2 = 5,K5 = 4, n Z 4,
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The sequences {Oy, }n>0 and {K, }n>0 can be extended to negative subscripts by defining

O-n = —O_(n_1)+20_(n—2) +O_(n—3) — O_(n_s)
Koo = —K_ (n-1)+2K (o) + K_(n-3) — K_(n-y

for n = 1,2, 3, ... respectively.

Next, we present the first few values of the Olivier and Olivier-Lucas numbers with positive and negative
subscripts:

Table 2. The first few values of the special third-order numbers with positive and negative

subscripts
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
o, 0 1 1 3 4 8 12 21 33 55 88 144 232 377
o, 0 0 0 -1 1 -3 4 -8 12 -—-21 33 —55 88 —144
K, 4 1 5 4 9 11 20 29 49 76 125 199 324 521
K., 4 -1 5 -4 9 -—-11 20 -29 49 -76 125 —199 324 —-521

Theorem 1.1 can be used to obtain the Binet formula of generalized Olivier numbers. Using these (the above)
roots and the recurrence relation, Binet’s formula of generalized Olivier numbers can be given as follows:

Theorem 2.1. (Four Distinct Roots Case: a # 3 # v # d = 1) For all integers n, Binet’s formula of generalized
Olivier numbers is

(aW3 — a(l — a)Wa + (—a? + 1)W1 — Wo)a”

Wa = 402 —a— 3
n (BWs — B(1 — B)Wa + (—=B° + 1)W1 — Wo)B"
432 — 53
(—W3 + 2Ws5 — Wo)(—l)n Ws —2W1 — Wy
* 2 B 2 '

Olivier and Olivier-Lucas numbers can be expressed using Binet’s formulas as follows:

Corollary 2.2. (Four Distinct Roots Case: o # 3 # v # 6 = 1) For all integers n, Binet’s formulas of Olivier
and Olivier-Lucas numbers are

_ atla" (@841 1, 1
On = Jr—a-3tim—5-3 27 2

- % ((5—\/5) (1_2‘/5)n+(5+\/5) (12‘/5)”—5(—1)" —5>

and

Kn:a”+ﬂ“+7”+1:(1+2\/5> +<172\/5> +(-1)"+1

respectively.
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Note that for all integers n, adjusted Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin,
Pell-Padovan numbers can be expressed using Binet’s formulas as

1 e 1 i1 1 1
Mo = a7 TE-wr-7" Ter-an-5"

1 1 n 1 1 n n
= G-gVPe"+ G+ VRs -

2
B, = a"+p"+9",
G = Lan_iﬂn_i_ n
Y- N
3 3
Cn = 2-—F=)"+02+—F=)8"—-"",
(2= Za"+ 2+ )8 =
1 1
R, = (1-—=)a"+0+—4=)8"—~",
(1= + {1+ )8 =7

respectively, see Soykan [2] for more details. So, by using Binet’s formulas of Olivier, Olivier-Lucas and adjusted
Pell-Padovan, third order Lucas-Pell, third order Fibonacci-Pell , Pell-Perrin, Pell-Padovan numbers, (or by
using mathematical induction), we get the following Lemma which contains many identities:

Lemma 2.3. For all integers n, the following equalities (identities) are true:

(a)
o Myi1 = 0Ony1 — Oy
o M, = Ont3 — Ony2 — 20n41 + 20,.
° 20n+4 =TMpt+2 +9Mp4+1 + 3M, — 1.
o 20n - Mn+2 + Mn+1 + Mn - 1.
° Mn - 7On+2 + 3On + 1.
(b)
L 10Mn+3 = —3Kn+3 — 2Kn+1 —+ 14Kn+2 — 9Kn
o 10M, =11K,4+3 — 18K ,42 — 6K,y1 + 13K,.
o Kn+4 - 3Mn+2 + 8Mn+1 + 4Mn + 1.
] Kn = 72Mn+2 + 3Mn+1 + 4Mn -+ 1.
o 5M, = —9K, 4o + 8Kpi1 + 12K, — 11.
° 8M'n + 9Mn+l +5 = 3K’n + 2K’n+1~
(c)

e Bnis=40n12 — Opy1 — 30n.

e B, =40n45 — 6012 — 30m41 + 50,.
e 100,44 = 3Bny2 + 19Bn41 + 11B, — 5.
e 100, = —7Bn4s + 9Bny1 + 11B, — 5.
e B, =—60n12+50n41 490, +4.

e 5B, +6Bni1 — 8 =90, + TOn 1.
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(d)
e 2B, 13 =3Kn43 — 2Kny1 — K.
e 2B, = Knt3 — 2K,41 + K.
e Knia=2Bpio+ Bpy1 + 1.
o K,=D8,+1.
e B, =K, —1.

(e)
o Gpy3=20n42 — Ont1 — Oy
L] Gn = On+1 — On
° 20n+4 = 3Gn+2 + 7Gn+1 + 3G, — 1.
o 2On - Gn+2 + Gn+1 - Gn -1

()
e 10Gnt3 = 11K,13 — 8Knio — 6Kyt + 3Kn.
e 10G, = —TKn4is 4+ 16Ki0 + 2Knp1 — 11K,,.
o Knis=4Gnio+3Gni1 + 1.
o K, =4Gn12 —2Gni1 — 5Gn + 1.
e 5G, =8K,yo — 6Kni1 — 9K, + 7.
e 3G + 4Gt +3 = Kn + 2Knp1.

(2)

o Chi3 =20n42+ Ony1 — 30s.

o Cp, =80p+3 — 120,42 — 90n41 + 130,,.
® 220,44 = 39Ch42 + 35CH41 + 7C, — 11.
e 220, = 13Chy2 — 3Cpy1 — 5C,, — 11.

o Cn =—-120n42 4 70n41 + 210, + 8.

o 7C, +12CH4+1 — 8 =305 + 130p41.-

(h)
e 10Cn13 = —3Knis +24Kio — 2K — 19K,,.
o 10C, = 31Kn43 — 48K 12 — 26 K41 + 43K,.
o 11K,4+4 =8Ch42 +43Ch4+1 +24C, + 11.
o 11K, = —-12Cnh42 + 18Cpn41 + 19C, + 11.
o 5C, = —24K, 12+ 18K, 41 + 37K, — 31.
o 3C, +4Ch11 +5=3K, +2Kn11.

[ ] Rn+3 = On+3 _ On.
e R, = 30n+3 — 40n+2 — 40n+1 +50,.

10



Soykan; Asian Res. J. Math., vol. 19, no. 1, pp. 1-22, 2023; Article no.ARJOM.95530

® 20,14 =4Rn42 +4Rpy1 + Ry — 1.
o 20, = Rpy2 — 1.
o R, =—-40n+2 +20p+41 + 80, + 3.
e 20,41 =2Rp41+ Rn — 1.
()
o 10R, 43 =—Kpny3+ 18Knq2 — 4Kny1 — 13K,.
e 10R, = 17K 43 — 26 K42 — 12K, 41 + 21K,.
e 2K 14 =2Rnt2 +9Rn+1 +5Ry + 2.
o 2K, = =3Rni2+ 4Ry 1 +5R, + 2.
o SR, = —13Kn42 + 11Ky 1 + 19K, — 17.
e 11R, + 13Rp41 + 14 = 2(4K,, + 3Kn41).

Proof. We only prove M, 11 = Op4+1 — O, by using Binet’s formulas of M,, and O,, as the others can be proved
similarly. By using Binet’s formulas, we get

Qo+ Dot (2a+Da™ | 284+ 1D)B" (28418 1 g 1,
Ont1=0n = S F —0-3 da?-a-3 45-p-3 1pz-p-3 27 37
241, 2841, 1
= la+3” tips” 5 (7= D7
o 1 n+2 1 n+2 1 n+2
= @A TE-0E-2" Th-an-p"
- Mn+1
where
o? . 200+ 1
(a=B)a—7)  4a+3’
B2 _28+1
B-—a)(B-—v)  48+3
v’ 1
— ——(v-1). O
= —8) (1=

Next, we give the ordinary generating function »_ W, z" of the sequence W,,.
n=0

Lemma 2.4. Suppose that fw,(z) = >, Wyz" is the ordinary generating function of the generalized Olivier

sequence {Wy}. Then, > W,z" is given by
n=0

Zoo n Wo+ (W1 —Wo)z+ (Wa — Wi — 2Wo)2> + (Ws — W — 2W1 + Wo)2®
[/‘/nz =
1—2—2224234 24

Proof. Take r =1,s =2,t = —1,u = —1 in Lemma 1.3. (J

The previous lemma gives the following results as particular examples.

11
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Corollary 2.5. Generating functions of Olivier and Olivier-Lucas numbers are

S0 - S
1—2—222423424

n=0

iann _ 4—32—24,22—l—z?’47

— 1—2—-222+4+23+42

respectively.

3 Simson Formulas
Now, we present Simson’s formula of generalized Olivier numbers.
Theorem 3.1 (Simson’s Formula of Generalized Olivier Numbers). For all integers n, we have

Wn +3 Wn +2 Wn +1 Wn

Wh Wh Wn  Whae
Wnﬁ Wzl W ani = (W — 2Wa + Wo) (W5 — 2Wy — Wo) (W3 — W2 + WE — WE — WaWs —

Wn Wn—l Wn72 Wn73
2WiW3 + W1iWo + WoW3 + 2WoWso — WOW1).

Proof. Take r =1,s =2,t = —1,u = —1 in Theorem 1.4. [J
The previous theorem gives the following results as particular examples.

Corollary 3.2. For all integers n, the Simson’s formulas of Olivier and Olivier-Lucas numbers are given as

On+3 On+2 On+1 On

On+2 On+l On Onfl _ 1
On+1 On O'n—l On—2 ’
On Onfl On72 O’I’L73
Kniz Kpyo Knpr Ky
Kn+2 Kn+1 Kn n— — 20

K1
KnJrl K, Kn1 Knoo
Kn Kn—l Kn—Q K 3

respectively.

4 Some Identities

In this section, we obtain some identities of Olivier and Olivier-Lucas numbers. First, we can give a few basic
relations between {W,} and {O,}.

Lemma 4.1. The following equalities are true:

(a) W, = (SW() —4W7 — TWs + 4W3)On+5 + (8W1 — 12Wy + 11W5 — 7W3)On+4 + (3W1 — 9Wy + 8Wo —
4W3)On+3 + (12Wo —9W1 — 12W5 + 8W3)On+2.

(b) W, = (4W1 —4Wyo+4Wso —3W3)Opnya+ (TWo —5W1 — 6Wa +4W3)Ongs + (4Wo — 5W1 —5Wa +4W3)Opnt2 +
(4W1 — 8Wo + TWo — 4W3)On+1.

(C) W, = (3W0 — Wi —2Wa + W3)0n+3 —+ (3W1 —4Wo + 3Wso — 2W3)On+2 =+ (3W2 —4Wy — W3)0n+1 + (4W0 —
AW — AW + 3W3) Oy

(d) Wy = (2W1 —Wo+ Wo —W3)Opnyo+ (2Wo —2W1 — Wo + W3)Opny1 + (Wo — 3W1 — 2Wo + 2W3) O, + (W1 —
3Wo + 2Wo — W3)Opn_1.

12
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(€) Wy =WoOni1+ (W1 — Wo)On + (Wa — Wi — 2W0)Op—1 + (Wo — 2W1 — Wa + W3)Op—a.
Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Wyn =a X O7L+5+b>< On+4+c>< On+3+d>< On+2

and solving the system of equations

Wo = axOs5+bx0s44+c¢cx034+dx Oz
Wi = axOs+bx0s5+cx04+dx O3
Wa = axO74+bx0s+¢cx0s5+dx Oy
Ws = axOs+bx0O7+¢cx0¢+dxOs

we find that a = 8Wy — 4W1 — TWo + 4Ws,b = 8W1 — 12Wy + 11Ws — TW3,c = 3W71 — Wy + 8Wo — 4Ws,d =
12Wo — 9W1 — 12W5 + 8W3. The other equalities can be proved similarly. [J

Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {W,} and {K,}.

Lemma 4.2. The following equalities are true:
(a) 10W,, = (22Wy — 19W1 — 2TW, + 19W3) K g5 — (41Wo — 22W1 — 46Wo + 2TW3) Kpq — (17TWo — 24W —
22Wo + 19W3)Kn+3 =+ (41W() — 17TW71 — 41W5 + 22W3)Kn+2.

(b) 10W,, = —(19W0 — 3Wy — 19Ws5 + 8W3)Kn+4 + (27Wo — 14W7 — 32Ws5 + 19W3)Kn+3 + (19W0 + 2W7 —
14Ws + 3W3)Kn+2 — (22Wo —19W; — 27TWo + 19W3)Kn+1.

(c) 10W,, = (8Wo — 11W1 — 13Wo + 11W3) Kpy3 — (19Wo — 8W1 — 24Wo + 13W3) Ko — (3Wo — 16W1 — 8Wo +
11W3)Kn+1 + (19W0 —3W71 — 19Ws + 8W3)Kn.

(d) 10W,, = —(11WO +3W1 —11Ws +2W3)Kn+2 —+ (13Wo —6W1 —18Ws5 + 11W3)Kn+1 —+ (11Wo +8W1 —6Ws5 —
3W3)Kn — (8W() —11W; — 13Ws + 11W3)Kn71.

(e) 10w, = (2W0 —9W7 — TWso + 9W3)Kn+1 — (11W0 —2W7 — 16Ws + 7W3)Kn + (3W() + 14W71 + 2W5 —
9W3)Kn_1 + (11W0 +3W7 —11W5 + 2W3)Kn_2.

Now, we give a few basic relations between {O,} and {Kp,}.

Lemma 4.3. The following equalities are true:

100, = 11Kn4s — 13Knia — 11Knys + 8Knya,
100, = —2Kp4a+11K,13 —3Knio —11K,41,
100, = 9Knis — TKnss — 9Kns1 + 2Kn,
100, = 2Knio+9Kns1 — TKn — 9Kn_1,
100, = 11Kn41 — 3K — 11Kn_1 — 2Kp_a,
and

Kn = 90n+5—130n+4 — 9045 + 110,42,

K, = —4054+44+ 90,43+ 20,42 — 90,41,

K, = 50543 —60n4+2 —50p41 + 40y,

K, = —0Opt2+50n41 — 0y —50,_1,

K, = 40n41 —30, —405-1 + Op_o.

13
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5 Relations Between Special Numbers

In this section, we present identities on Olivier, Olivier-Lucas numbers and adjusted Pell-Padovan, third order
Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers. We know from Lemma 2.3 that

220, = 13Ch42 —3Ch41 —5C, — 11,
2K, = —-3Rnp+2+4Rn41+5R, +2.
Note also that from Lemma Lemma 4.1 and Lemma 4.2, we have the formulas of W,, as
W, = (3Wo — Wi —2Ws + W3)0n+3 + (3W1 — 4Wo + 3Ws — 2W3)On+2
+(BWo — AWy — W3)Orng1 + (4Wo — 4W1 — 4Ws + 3W3) O,
(8Wo —11W,; — 13Ws + 11W3)Kn+3 - (19W() — 8W1 — 24W5 + 13W3)Kn+2
—(3WQ — 16W71 — 8Wso + 11W3)Kn+1 =+ (19W0 —3W71 — 19W5 + 8W3)Kn

10W,

Using the above identities, we obtain relation of generalized Olivier numbers in the following forms (in terms of
Pell-Perrin and Pell-Padovan numbers):

Lemma 5.1. For all integers n, we have the following identities:

(a) 2W,, = (7W3 — 12Ws + 4W7 + Wo)Cn+2 — (5W3 — 18Ws + 6W71 + 7W0)Cn+1 — (Wg — 8Ws + 10W7 —
3W0)Cn — 11W3 + 22W1 + 11Wp.

(b) 2W,, = (Wl — W())Rn+2 + (WQ — W1)Rn+1 + (W3 — Wo —2W7 + 2W0)Rn — W3 + 2W1 + Wo.

6 On the Recurrence Properties of Generalized Olivier Sequence

Taking r =1,s =2,t = —1,u = —1 in Theorem 1.5, we obtain the following Proposition.

Proposition 6.1. For n € Z, generalized Olivier numbers (the case r = 1,8 = 2,t = —1,u = —1) have the
following identity:

1 )
Wen = 5 (=6Wan + 6K Wan — 3KaWn + 3K2nWe + Wo K, + 2Wo Kz — 3Wo Ky Kay).

From the above Proposition 6.1 (or by taking Gn, = O, and H, = K, in (1.13) and (1.14) respectively), we
have the following corollary which gives the connection between the special cases of generalized Olivier sequence
at the positive index and the negative index: for Olivier and Olivier-Lucas numbers: take W, = O, with
Oo =0,01 =1,02 = 1,03 = 3 and take W,, = K,, with Ko = 4, K1 = 1, Ko = 5, K3 = 4, respectively. Note
that in this case H, = K,.

Corollary 6.2. For n € Z, we have the following recurrence relations:

(a) Olivier sequence:
= é(—603n + 6K,02, — 3K20, + 3K2,0,,).

(b) Olivier-Lucas sequence:
1

We can also present the formulas of O_,, and K_,, in the following forms.

14
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Corollary 6.3. For n € Z, we have the following recurrence relations:

(a) O_, = é(—603n + 6(50n+3 — 60n+2 — 5On+1 + 4On)02n — 3(5On+3 — 60n+2 — 5On+1 + 4On)20n +

(b)

(c)

(d)

()

(f)

3(502n+3 — 60242 — 502n41 + 402, )On).

(i) 20_, = —AM2—AM?_| —AM?_ 3+ (2Mps2—3Mypi1 —3Mp_1+2Mp_2) My +(2Mps1 —3My—2) M1+
Mop + Map—2 + Moy g — 1.

(i) Ko = —16M2 — 12M2_; + 8M?2_y — (—8Mpy2 + 12Mp 11 + IMy—1 + 4My_2) M, + 6(Myg1 +
Myp_2)Mp_1+ 4Moy + 3Maopn—2 — 2Mop_a + 1.

(i) 200_,, =11B2 +9B2_, — 7B2_;, — 11B2, — 9Bay,—2 + 7Bayp_4 — 10.
(ii) 2K_, = B2 — Ba, + 2.

(i) 40—, = —16G} 2+ 12G; 1 —15G} +39G7 1 +35Gh 5 + 8(6Gni2 — 5Gns1 + Gno1 — 6Gn_2)Grn —
24(2Gn+41 — Grn—2)Gn-1+16Grn11Gni2+4G2nt2 —2G2n+1 — 11G2n +2G2n—1 4+ 3G2n—2 + 2G2n_3 +
TGon—q — 2.

(i) 2K_, = —80G2,, — 52G2%_ | — 119GZ — 54G2_, + 140G2_5 + 8(30G 12 — 11Gy41 — 14Gp—1 —
24Gn—2)Gn + 96(Gn+1 + Gn—Q)Gn—l + 80Gn+1Gn+2 + 20G2n+2 - 10G2n+1 - 27G2n - 4G2n—1 -
30G2n—2 + 8G2n—3 + 28G2n—4 + 2.

(i) 53240_,, = —2160C2,, —6156C2,, —625C% + 10 641C2_; 4 8645C2_; — 24(—230C,, 2 + 183C, 41 +
909C,—1 +598Cr—2)Chp +1656(2Ch 11+ 13Ch—2)Cri—1 +6480C) +1Cht2 — 1980C25 42 +2970C2, 41 +
737Ca, + 1782C2,—1 + 6303C2y,—2 — 7722C2,—3 — 5005C%,—4 — 2662.

(i) 2662K_,, = 8208CH 5+ 26244C5 | +24947C; +306C_, — 7980C7 _5 + 24(—874C 42 + 339Cnh 41 +
1890C,,—1 +5520n72)0n — 19872(Cn+1 +Cn,2)Cn,1 —24624Cn+10n+2 +7524C2n+2 —11 28602n+1 —
18702, — 10692C2,—1 — 11682C2,_2 + 7128C5,,—3 + 4620C2,—4 + 2662.

(i) 160-,, = 9R2+16R2_,+5R2_5—6(4Ry—14+3Rp—2)Rn+24R, 1 Ry—2+6R2n—2—8R2y—3—2R2,—4—8.

(ii) 16K_, = 45R%  ,+116R2% +62R2—28R7 | —15R}: 5 +6(—15Rn42+4Rn11+28Rn_1+9Rn_2) Ry —
72(Rnt+1 + Rn—2)Rn—1 — 120Rn1Rn+2 + 30R2n+2 — 40R2n+1 + 14R2n — 32R2n—1 — 26Ran—2 +
24R2,-3 + 6Ran—q + 16.

Proof. We use the identities, see Soykan [15],

M_, = —4M}+ Man + 2Mpy2 My, — 3Myi1 My,
1
Bfn - §(B727. - B2n)7

n = %(16Gi+2 —+ 4G3L+1 + 35G3L — 4G2n+2 + 2G2n+1 + 7G2, — 16Gn+2Gn+1 — 48Gn+2Gn + 24Gn+1Gn),
C_n = 555 (4320715 +972C} 4 1 +665C7 + 396Cant2 — 594C2n 11 — 385C2n — 1296Ch42Chy1 — 1104C,42Ch +

1656C,11Cy),

R_n = L(16R; 1 + 9R} o + 5R5 + 6Rony2 — 8Rons1 — 2Ron — 24Rn 2 Rng1 — 18Rnq2 R + 24Rn 41 Ry).

15
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We also use the identities

20, = Mpj2o+ Mpp1 +M, —1,
Kn = —2Mpyo+3Mps1 +4M, +1,
100, = —7Bny2+9Bny1+ 118, -5,
K, = Bn,+1,
20, = Gpy2+Gny1 —Gn —1,
K, = 4Gn4+2 —2Gnpy1 —5G, + 1,
220, = 13Cp42 —3Ch41 —5C, — 11,
11K, = —12Cn12+ 18Cni1 + 19C, + 11,
20n = Rpiz—1,
2K, = —3Rnt2+4Rn+1+5R,+2.

(a) By using the identity K, = 50,43 — 60p42 — 50,41 + 40,, and Corollary 6.2, (or by using Corollary 1.6
(a)), we obtain (a).

(b) Since 20, = Myy2 4+ Myi1 + M, — 1, Ky = —2Mpi0 +3Myi1 +4M, + 1, and M_, = —4M2 + Ma, +
2Mpt2 My, — 3Mpi1 My, we get (b)

(c) Since 100, = —7Bnt2 + 9Bni1 + 11By, — 5, K, = By, + 1 and B_,, = 3(B;j, — Ban), we obtain (c).

(d) Since 20, = Gni2 + Gny1 — Gn — 1, Kn = 4Gnq2 — 2Gny1 — 5Gn + 1 and G, = 3(16G} 2 +4Goyy +
35G2L - 4G2n+2 + 2G2n+1 + 7G2n - 16Gn+2Gn+l - 480n+2Gn + 24Gn+1Gn)7 we get (d)

(e) Since 220,, = 13Cy42—3Cp4+1—-5C,,—11, 11K,, = —12Cp4+2+18Cp+1+19C,+11 and C_,, = ﬁ (4320,21+2+
9720,21+1 =+ 6650,21 =+ 39602n+2 — 59402n+1 — 385C5,, — 12960n+20n+1 — 1104Cn+20n + 16560n+10n), we
obtain (e).

(f) Since 20, = Rny2—1, 2Ky = —3Rpi2+4Rni1 +5Ry +2 and R,y = 2(16R%, | +9R% o +5R% +6Rony2 —
8Raon+1 — 2Ran — 24Rp42Rpn4+1 — 18Rp42 Ry + 24Rn+1Rn), we get (f) O
7 Sum Formulas

The following Corollary gives sum formulas of Pell-Padovan numbers.

Corollary 7.1. For n > 0, Pell-Padovan numbers have the following property:

(a) Z::o Ry = % (Rn+3 + Rn+2 — Rn+1 — 1) .
(b) ZZ:() Rzk = R2n+1 —n.
(¢) Di—o Rott1 = % (Ran+3 + Ront2 — Rong1 +2n—1).

Proof. It is given in Soykan [2]. O

The following Corollary presents sum formulas of Olivier and Olivier-Lucas numbers.

Corollary 7.2. Forn > 0, Olivier and Olivier-Lucas numbers have the following properties (in terms of Pell-
Padovan numbers):

(a)
(l) ZZ:O O = %(3Rn+2 —+ 3Rn+1 + R, —2n — 7)
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(i) Y% O2r = 3(R2nt2 + Rans1 — 2(n + 1)).
(i) D7 5 O2mq1 = i(R2n+2 + 5Ron+1 + 3Ra2n — 5).
(b)
(1) >r_o Kk =2(4Rns1 + 3Ry +2n+1).
(ii) Yi_o Kok = 5(—Rony2 +4Rony1 4 2Ron + 4n + 3).
(i) >op_o Kowsr = %(5R2n+2 — Ront1 — 2Ra2n).
Proof. The proof follows from Corollary 7.1 and the identities

20, = Rpi2-1,
2K, = —3Rpt2+4Rn1+5R,+2. 0O

8 Matrices and Identities Related With Generalized Olivier
Numbers

If we define the square matrix A of order 4 as

1 2 -1 -1
1 0 O 0
A= 01 0 0
0 0 1 0
and also define
On+1 20n - Onfl - On72 _On - Onfl _On
B, — On 20n—1 - On—Z - On—3 _On—l - O'n—2 _On—l
" On—l 2On—2 - On—3 - On—4 7071,—2 - On—3 7071—2
On72 207173 - On74 - On75 _On73 - On74 _On73
and
Wn+1 2Wn - Wn—l - Wn—2 _Wn - Wn—l _Wn
U, = Wn 2I/I/vnfl - W’I’L72 - Wn73 —Wn-1— Wn72 —VWn-1
" anl 2Wn72 - Wn73 - Wn74 —Wn-2 — Wn73 —VWn-2

Wn—2 2Wn—3 - Wn—4 - Wn—5 _Wn—B - Wn—4 _Wn—S

then we get the following Theorem.

Theorem 8.1. For all integers m,n, we have

(a) B, = A", i.e.,

1 2 -1 —-1\" Ons1 204 —Op_1 —Opn_2 —Op — On_1 —On

1 0 0 0 _ On 2On—1 - On—? - On—3 _On—l - On—2 _On—l
01 0 0 | On-1i 204m-2—0np-3—0p—a —Opn_2—0n_3 —On_2
0 0 1 0 On—2 20p-3—0p—q—0n—5 —0np—3—0np—ygq —0Onp_3

(b) U1 A" = AUy,
(€) Unim = UpBm = BmUn.
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Proof. Take r =1,s =2,t = —1,u = —1 in Theorem 1.7. [

Using the above last Theorem and the identity
20, = Rpy2 — 1,
we obtain the following identity for Pell-Padovan numbers.
Corollary 8.2. For all integers n, we have the following formula for Pell-Padovan numbers:

Rnis—1 Rpya—Rnys —Rpy2—Rny1+2 —Rpj2+1

1 Rnio—1 Rpys — Rnyo —Rny1— Rn+2 —Rp41+1
2 Rn+1 —1 Rn+2 - Rn+1 _Rn - Rn—l + 2 _Rn + 1

R, —1 Rnt1— Rn —Rn-1—Rp—2+2 —R,1+1

Next, we present an identity for Wiy 4,.

Theorem 8.3. For all integers m,n, we have
Wn+m - Wn0m+1 + Wn—1(20m - Om—l - Om—2) + Wn—Q(_Om - Om—l) - Wn—30m~

Proof. Take r =1,s =2,t = —1,u = —1 in Theorem 1.8.. O

As particular cases of the above theorem, we give identities for Oyn4m and Kpym.

Corollary 8.4. For all integers m,n, we have

On+m = On0m+1 + Onfl(QOm - Omfl - Om72) + On72(70m - Omfl) - On73om7
Kn+m K’nOm+1 + Kn71(20m - Omfl - Om72) + Kn72(70m - Omfl) - Kn73om-

9 Conclusions

Numerous studies of number sequences have been published in the literature, and these studies have been applied
to a wide range of fields including physics, engineering, architecture, nature, and the arts. The most well-known
second order recurrence sequences are those based on integer numbers, including the Fibonacci, Lucas, Pell,
and Jacobsthal sequences. In Leonardo de Pisa’s book Liber Abaci from 1202, which is where he first presented
the rabbit breeding conundrum, the Fibonacci numbers are likely most well-known for their appearance. The
Fibonacci and Lucas sequences are sources of many nice and interesting identities. For example, in [16], authors
study on the solutions of the connection problems between Fermat and generalized Fibonacci polynomials. For
rich applications of second order sequences in science and nature, one can see the citations in [17].

As a fourth order sequence, we introduce the generalized Olivier sequence (and it’s two special cases, namely,
Olivier and Olivier-Lucas sequences) and we present Binet’s formulas, generating functions, Simson formulas,
the sum formulas, some identities, recurrence properties and matrices for these sequences.

We have shown that there are close relations between Olivier, Olivier-Lucas numbers (which are fourth order
linear recurences) and special third order linear recurences (numbers), namely adjusted Pell-Padovan, third order

Lucas-Pell, third order Fibonacci-Pell, Pell-Perrin, Pell-Padovan numbers.

Linear recurrence relations (sequences) have many applications. We now present one of them. The ratio of two
consecutive Padovan numbers converges to the plastic ratio, ap (which is given in (9.1) below), which have
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many applications to such as architecture, see [18]. Padovan numbers is defined by the third-order recurrence
relations
Pn+3:Pn+1+Pn, P0:1,P1 = 1,P2 =1.

3

The characteristic equation associated with Padovan sequence is z° — z — 1 = 0 with roots «, # and +y in which

1 23 e 1 23 e

is called plastic number (or plastic ratio or plastic constant or silver number) and

. Pana
lim — — o

n—00 n

The plastic number is used in art and architecture. Richard Padovan studied on plastic number in Architecture
and Mathematics in [19, 20].

We now present some other applications of third order sequences.
e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see [21]
and [22], respectively.
e For the application of Tribonacci numbers to special matrices, see [23].

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [24] and [25],
respectively.

e For the application of Pell-Padovan numbers to groups, see [26].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some difference
equations, see [27].

e For the application of Gaussian Tribonacci numbers to various graphs, see [28].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [29].

e For the application of Narayan numbers to finite groups see [30].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [31].

e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [32, 33].
e For the application of generalized Tribonacci numbers to Gaussian numbers, see [34].

e For the application of generalized Tribonacci numbers to Sedenions, see [35].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [36].

e For the application of generalized Tribonacci numbers to circulant matrix, see [37].
Next, we list some applications of fourth order sequences.

e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [38].

For the application of generalized Tetranacci numbers to Gaussian numbers, see [39].

For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [40].

e For the application of generalized Tetranacci numbers to binomial transform, see [41].
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